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INTRODUCTION

Few of us can any longer keep up with the flood of scientific literature, even
in specialized subfields. Any attempt to do more and be broadly educated
with respect to a large domain of science has the appearance of tilting at
windmills. Yet the synthesis of ideas drawn from different subjects into new,
powerful, general concepts is as valuable as ever, and the desire to remain
educated persists in all scientists. This series, Advances in Chemical
Physics, is devoted to helping the reader obtain general information about a
wide variety of topics in chemical physics, a field that we interpret very
broadly. Our intent is to have experts present comprehensive analyses of
subjects of interest and to encourage the expression of individual points of
view. We hope that this approach to the presentation of an overview of a
subject will both stimulate new research and serve as a personalized learning
text for beginners in a field.

STUART A. RicE
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2 STUART C. ALTHORPE, JUAN CARLOS JUANES-MARCOS, AND ECKART WREDE
I. INTRODUCTION

Research over the past 15 years has established that conical intersections (CIs)
are much more common than previously thought, and that they play a central
role in photochemistry [1, 2]. The main role of a CI is to act as a funnel,
transferring population between the upper and lower adiabatic electronic states.
This effect has been studied extensively, and is well known to be caused by the
derivative coupling terms between the two electronic surfaces [3], which are
singular at the CI. However, an accompanying effect, which has received less
attention, is the so-called geometric (or Berry) phase (GP), in which the
adiabatic electronic wave function changes sign upon following a closed loop
around the CI [4-9]. This effect is particularly interesting when the system is
confined to the lower adiabatic surface, since it is then the only nonadiabatic
effect produced by the CI.

The GP affects the nuclear dynamics by introducing a corresponding sign
change in the continuity boundary condition, which cancels out the sign change
in the electronic wave function (in order to keep the total wave function single
valued). In a model particle-on-a-ring system, with the CI at the center of the
ring, the GP boundary condition changes the allowed values of M in the nuclear
wave function, exp(iM¢), from integer to half-integer values. The GP brings
about analogous changes in the quantum numbers and energy levels of more
realistic systems, and some of these have been predicted and observed in a
variety of Jahn—Teller molecules [10—13]. One can say with some confidence,
therefore, that the effect of the GP on the nuclear wave function of a bound-state
system is well understood.

Until very recently, however, the same could not be said for reactive systems,
which we define to be systems in which the nuclear wave function satisfies
scattering boundary conditions. It was understood that, as in a bound system, the
nuclear wave function of a reactive system must encircle the CI if nontrivial GP
effects are to appear in any observables [6]. Mead showed how to predict such
effects in the special case that the encirclement is produced by the requirements
of particle-exchange symmetry [14]. However, little was known about the effect
of the GP when the encirclement is produced by reaction paths that loop around
the CL.

Very recently, this state of affairs has changed, and there is now a good
general understanding of GP effects in gas-phase reactions. This has come about
mainly through detailed reactive-scattering studies, both theoretical [15-37]
and experimental [30-39], on the prototype hydrogen-exchange reaction
(H+H; — H, + H). This is the simplest reaction to possess a CI, and at
high energies (> 1.8eV above the potential minimum) it is just possible for
some reaction paths to encircle the CI. Reactive-scattering calculations are
difficult, and the first calculations that included the GP boundary condition were
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reported by Kuppermann and co-workers in the early 1990s [15-19]. These
calculations predicted large GP effects at high energies, but unfortunately these
predictions were not reproduced by later calculations [20-29], nor, most
crucially, by experiment [30—39]. Instead, the experiments found no evidence at
all of GP effects in the H+ H, reaction. Detailed scattering data from the
experiments agreed quantitatively with theoretical predictions that omitted the
GP boundary condition.

This negative result seemed to imply that H+ H, could not be used to
investigate the effect of the GP because the nuclear wave function does not
encircle the CI. However, a series of calculations by Kendrick [20—22] yielded a
surprising result, which we will refer to in this chapter as the “cancellation
puzzle”. This is that GP effects appear in the scattering observables at specific
values of the total angular momentum quantum number J, but cancel on
summing over J to give the full reactive scattering wave function (describing a
rectilinear collision of the reagents). This is puzzling because the sum over J is a
unitary transformation in the external, angular, degrees of freedom, which
describe the scattering of the products, and there is no direct relation linking this
space to the GP boundary condition (which acts on the internal degrees of
freedom describing motion around the CI).

This chapter surveys the work we did [25-29] to solve the cancellation
puzzle, and the general explanation of GP effects in reactive systems that
came out of it [27,28]. The latter uses ideas that were introduced in the late
1960s in Feynman path-integral [40] work on the analogous Aharonov—Bohm
effect [41-45]. These early papers seem to have passed unnoticed in the
chemical physics community, perhaps because they are written in the
language of path-integral theory and algebraic topology. However, the central
result of this work is surprisingly simple, and can be derived without path-
integrals [27,28]. It is that the nuclear wave function has two components,
and that the sole effect of the GP is to change their relative sign. One
component contains all the Feynman paths that loop an even number of times
around the CI; the other contains all the paths that loop an odd number
of times.

In Section II, we introduce this central result, deriving it first without path
integrals, by using a diagrammatic representation of the nuclear wave function;
we then give a heuristic summary of the ideas behind the early Aharonov—Bohm
papers, and show how they can be combined with the diagrammatic approach.
In Section III, we describe in detail the solution to the cancellation puzzle in
H + H,, which demonstrates how to explain GP effects in a reaction in terms of
the even- and odd-looping Feynman paths. In Section IV, we discuss some
further aspects of the topology, explaining the effect of particle-exchange
symmetry, and the difference between GP effects in bound and reactive systems.
Section V concludes the chapter.
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II. UNWINDING THE NUCLEAR WAVE FUNCTION

A. Topology and Encirclement

We will consider a system with N nuclear degrees of freedom, which possesses
one CI seam [1,2] of dimension N — 2. The topology of the nuclear space can
then be represented schematically as shown in Fig. 1 [28]. The line at the center
represents every CI point in the seam. Each circular cut through the cylinder
represents the two degrees of freedom in the nuclear “branching space”, in
which the adiabatic potential energy surfaces have the familiar double-cone
shape, centred about the CI point. We assume that the seam line extends
throughout the entire region of energetically accessible nuclear coordinates
space. We also assume that the system is confined to the lower (adiabatic)
electronic state, because it has insufficient energy to approach the region
of strong coupling with the upper state close to the conical intersection. The CI
seam line is therefore surrounded by a tube of inaccessible coordinate space.
We then define an internal coordinate ¢ such that ¢ = 0 — 2n denotes a a
path that has described one complete loop around the CI in the nuclear
branching space. Other than this, we need specify no further details about ¢.
We do not even need to specify whether the complete set of nuclear
coordinates give a direct product representation of the space. It is sufficient
that ¢ permits us to count how many times a closed loop has wound around
the CI. Using this definition of ¢, we can express the effect of the GP on the

(a) (b) (c)

Figure 1. (a) Diagram illustrating the topology of the N-dimensional nuclear coordinate space
of a reactive system with a CIL. The vertical line represents the (N — 2)-dimensional space occupied
by the CI seam. The gray disk represents a two-dimensional (2D) branching-space cut through
one point on the seam, with the angle ¢ describing internal rotation around the CI. (b) A nuclear
wave function that wraps around the CI, but is not a torus, and thus exhibits only trivial GP effects.
(c) A torus-shaped nuclear wave function encircling the CI. The “arms” are to be understood
as extending to infinity, and are the portions of the wave function in the reagent and product
channels.
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adiabatic ground-state electronic wave function ®(¢) and the nuclear wave
function U(d) as

(¢ +2nm) = (—1)"2($) (1)
(¢ +2nm) = (—1)" V() (2)

The dependence on the other N — 1 nuclear degrees of freedom has been
suppressed.

The effects of the GP are therefore the differences between the nuclear
dynamics described by the wave function

Ug(d) = (—1)"¥s(d + 2nm) 3)
which correctly includes the GP boundary condition, and the wave function
Un(P) = Un(d + 2nm) 4)

which ignores it (and is therefore physically incorrect). It is well known in the
literature that the GP will only produce a nontrivial effect on the dynamics
when Ug () encircles the CI. Otherwise the effect is simply a change in the
phase of Un(¢), which has no effect on any observables. Hence, throughout
this chapter, we are seeking to explain how the dynamics described by ¥ ()
differs from the dynamics described by Un(¢p), when these wave functions
encircle the CI.

It is worth clarifying what is meant by encirclement. As already mentioned,
the nuclear coordinates need not form a direct product, and in fact the notion of
taking a cut through the nuclear coordinate space, in order to see whether
U (¢) encircles the CI in this cut, is not useful. Figure 1(b) shows a nuclear
wave function which, if a certain choice of nuclear coordinates were used, could
easily be made to “‘encircle” the CI if a suitable 2D cut were taken. However,
this particular wave function would not show nontrivial GP effects, because it
does not encircle the CI: it has unconnected “ends”. For nontrivial GP effects to
appear, |Ug(¢)|* must have the form of a forus in the nuclear coordinate space,
as shown in Fig. 1(c). If one were to take a series of branching-space cuts
through this wave function, none of them would encircle the CI, and hence one
might get the mistaken impression that this wave function would only show a
trivial phase change upon inclusion of the GP boundary condition. However, the
wave function of Fig. 1(c) would definitely show strong, nontrivial GP effects.
There are various ways in which one can prove this and we will mention one
below. It is important to emphasise that it is |U(¢)|>, which has the form of a
torus and not the wave function Ug(d).
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B. Symmetry Approach

To explain the effect of the GP on the nuclear dynamics [i.e., to explain the
difference between the dynamics described by an encircling Ug(¢) and an
encircling Un(¢)], we need to compare the topology of ¥ () with the topology
of Un(¢). In Section II. C, we review how this can be done using the homotopy
of the Feynman paths [41-45] that make up these wave functions. But first, to
demonstrate the simplicity of the problem, we use the diagrammatic approach
developed in Refs. [27 and 28].

We represent the internal coordinate space occupied by the nuclear wave
function as shown in Fig. 2. The gray area represents the energetically
accessible region of the potential energy surface; the conical intersection is the
point at the center; the arms represent the reagent entrance and product exit
channels. To simplify the discussion, we place a restriction on ¢ (which will be
relaxed later), stating that ¢ tends to a constant value as the system moves down
the entrance or exit channel toward an asymptotic separation of the reagents or
products. This places no restriction on the generality of the diagram, other than
that the conical intersection should be located in the ‘“‘strong-interaction region”
of the potential energy surface, where all the nuclei are close together. Note that,
although we have restricted the number of product channels to one, the diagram
is immediately generalizable to systems with multiple product channels. We
also assume that the reaction is bimolecular (leaving unimolecular reactions
until Section II.D), which means that it is initiated at the asymptotic limit of the
reagent channel, at the value of ¢ that is reached in this limit. We will define this
to be ¢ = 0.

2n 10 4 0
i \
: ¢

(@) (b)

Figure 2. (a) Schematic picture of the potential surface of a reactive system, indicating that
there is an energetically accessible (gray) ‘“‘tube” through the potential surface, permitting
encirclement of the CI (dot at center). The “arms” are the reagent and product channels. (b) The
same surface, represented in the 0 — 4m cover space. The rectangle represents a 0 — 2 sector that
can be cut out of the double space so as to map back onto the single space, where the ¢ = 0 and
¢ = 2m “edges” are joined together at the cut line (chains).
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Figure 2(b) represents the potential surface of the identical system, mapped
onto the double-cover space [28]. The latter is obtained simply by ‘“‘unwinding”
the encirclement angle ¢, from 0 — 21 to 0 — 4m, such that two (internal)
rotations around the CI are represented as one in the page. The potential is
therefore symmetric under the operation R, defined as an internal rotation by
2m in the double space. To map back onto the single space, one cuts out a 2x-
wide sector from the double space. This is taken to be the 0 — 2r sector in
Fig. 2(b), but any 2n-wide sector would be acceptable. Which particular sector
has been taken is represented by a cut line in the single space, so in Fig. 2(b) the
cut line passes between ¢ = 0 and 2m. Since the single space is the physical
space, any observable obtained from the total (electronic + nuclear) wave
function in this space must be independent of the position of the cut line.

To construct a diagrammatic representation of the wave function, we start in
the double space, as shown in Fig. 3a. The arrow at the top indicates that the
incoming boundary condition is applied here, and the arrows at each of the other
channels indicate outgoing boundary conditions. Note that we are treating the
second appearance of the reagent channel (at ¢ = 2m) as though it were a
product channel, and are treating the second appearance of the product channel
(in the 2m — 4m sector) as though it were physically distinct from the first
appearance of this channel, which is indicated by the use of wavy lines.
Consequently, the wave function W, is neither symmetric nor antisymmetric
under ¢ — ¢ + 2w, which means it cannot be mapped back onto the physical
space independently of the position of the cut line. In other words W, is the
wave function of a completely artificial system.

To construct wave functions that can be mapped back onto the physical
space, one needs to take symmetric and antisymmetric linear combinations of
U () and ¥o(Pp) = Pe(d + 27), and these are illustrated in Fig. 3b. It is then

4n 0

@ ® ¥

Figure 3. (a) The unsymmetrised nuclear wave function W, (solid line) in the double space. The
arrows indicate the application of incoming and outgoing scattering boundary conditions, (b) The
symmetrized linear combinations of W, (solid) and ¥, (dashed), which yield ¥n/g = 1/ V2[T, £ 7).
(c) The same functions mapped back onto the single space.
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clear that these functions can mapped onto the physical space (Fig. 3c), and that
they correspond to Wy and ¥, respectively. Thus we may write,

1
\IIG = = [\I]e + \Ilo}
2 5)

\IIN = [\I]e - \Ilo}

1
V2
This equation is the main result needed to explain the effect of the GP on the
nuclear dynamics of a chemical reaction. Clearly, the sole effect of the GP is to
change the relative sign of W, and ¥,. Within each of these functions the
dynamics is completely unaffected by the GP. We emphasize that, despite
remaining unnoticed for so long in the chemical physics community, Eq. (5) is
exact.

If we can compute Wg and YN numerically (as described below), it is
therefore trivial to extract W, and W, by evaluating

1
U, = —[Un + Ug]
i ©
\IIO == % [\IIN — \IJG]

Once one has extracted ¥, and W, an explanation of the GP effect on the nuclear
dynamics will follow immediately. The dynamics in W, is decoupled from the
dynamics in ¥,, and thus any observable will show GP effects only if the
corresponding operator samples W, and W, in a region of space where these
functions overlap. In a nonencircling nuclear wave function, ¥, and ¥, never
overlap, and this gives us a diagrammatic proof (Fig. 4) of the well-known result
that a nonencircling wave functions shows no nontrivial GP effects.

4t . 0

PO
- \,

@ (b)

Figure 4. (a) Single- and (b) double-space representations of W, (solid) and ¥, (dashed) for a
system that does not encircle the CI.
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C. Feynman Path Integral Approach

We now explain the physical significance of the two components ¥, and ¥, in
terms of the path integral theory developed in Refs. [41-45]. This theory was
developed originally to treat the Aharonov—Bohm system, in which an electron
encircles, but does not touch, a magnetic solenoid. The vector potential of the
solenoid has an effect that is exactly equivalent to the application of the GP
boundary condition, and scattering boundary conditions are applied at long
range. The Aharonov—Bohm system is therefore exactly analogous to a nuclear
wave function in a reactive system that encircles a CI.

To avoid discouraging the reader, we point out that only a few, basic concepts
of path integrals are required. We review these here in a heuristic manner,
beginning with the celebrated result of Feynman and Hibbs [40], which is that the
time-evolution operator or Kernel, K = exp(—iHt/#), can be constructed using

K(x,xalt) = | Dx(o)e e )

Here, Dx(r) represents the sum over all possible paths connecting the points x
and X, in the time interval #, and S is the classical action evaluated along each of
these individual paths. It is useful to point out two properties of this expression:
(1) the overall sign of the Kernel is arbitrary, because S is only defined up to an
overall constant (because S is the time integral over the Lagrangian, and the latter
is only defined up to a total derivative in ¢ [46]); (2) each path has equal weight,
so the relative contribution of a given path to the sum is determined by the extent
to which it is canceled out by its immediate neighbors.

Any prediction expressed in the language of path integrals must have an
equivalent formulation in the language of wave functions. Point (1) is equivalent
to saying that a wave function is only specified up to an overall phase factor.
Point (2) can be thought of as saying that, when computing K(x,Xo|?), all
possible paths between x and X, in time ¢ are coupled. If we start with one
particular path between x and xq, then we need to know all of its immediate
neighbors, in order to assess the extent to which this path is canceled out by
them. These neighbouring paths are obtained by all possible tiny distortions that
can be applied to the first path. We then need to know all of the immediate
neighbors of each of the latter paths (in order to assess the extent to which each
of these is canceled out), and then we need to find out the immediate neighbors
of the new paths, and so on. In other words, if we start with one particular path
between x and X, then this path is coupled (in the sense just described) to all the
other paths into which it can be continuously deformed. This is equivalent to
saying that one cannot accurately compute just part of a wave function; one
must compute all of it, since all parts of the function are coupled by the
Hamiltonian operator.
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In their work on the Aharonov-Bohm system, Schulman, deWitt, and
co-workers [41-44] found that points (1) and (2) must be modified when
applying path integral theory in a multiply connected space. The term multiply
connected simply means that the space contains an inaccessible region or
obstacle, which gets in the way, such that a given path between x and X, cannot
be continuously deformed into all other possible paths. It can only be deformed
into a subset of such paths. This subset defines a homotopy class: paths that
belong to different homotopy classes are called different homotopes. The
concept that there exist different classes of paths, such that a path that belongs
to one class cannot be continuously deformed into a path that belongs to
another, is called homotopy.

The nuclear coordinate space shown in Fig. 1 is a multiply connected
space, because there is an energetically inaccessible ‘“‘tube” of space
surrounding the CI seam. An explanation of the homotopy of such a space
will be found in any elementary text on topology [47]. Let us take first a
system with only two nuclear degrees of freedom, so that the CI is just a point
at the center of the branching space, and there are no other degrees of
freedom. The homotopy of a given path within this space is simply the
number of entire loops it follows around the CI. We can thus classify each
homotopic class according to a winding number 7, as defined in Fig. 5. Note
that the sign of n indicates the sense of the path, and that it is useful to
adopt the convention that even n refer to paths that make an even number
of clockwise loops or an odd number of counterclockwise loops; and odd
n vice versa. It is easy to prove that the set of all these homotopic classes
forms an infinite group, which is called the “Fundamental Group” of a
circle [47].

The same classification into winding numbers can be used in a system with N
nuclear degrees of freedom, in which the CI seam is an (N — 2)-dimensional
hyperline as in Fig. 1. For example, if we take N = 3, then the seam is a line; the

X X

Figure 5. Examples of Feynman paths belonging to different homotopy classes, illustrating
how the winding number 7 is defined.
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homotopy of this system is just the same as for the N = 2 system, since the
number of loops made around the line can be represented by a winding number
defined exactly as for the 2D case. Although it is difficult to visualize, the
generalization continues to all higher N in the same way, so that one can always
classify a path by its winding number around the (N — 2)-dimensional CI
hyperline. In many systems, each class of paths designated by the winding
number 7 will in fact include more than one homotopy class, because it will be
possible to further classify the paths according to their winding about other
energetically inaccessible regions in the potential surface, which may exist in
addition to the tube around the CI seam. However, to understand the GP we do
not need to consider these classes, and so, for shorthand, we will use the terms
“homotopy class” and ““winding number” interchangeably.

Retracing the argument used to justify point (2), it is clear that, in a
multiply connected space, a given path is only coupled to those paths into
which it can be continuously deformed. By definition, these are all the paths
that belong to the same homotopy class. Paths belonging to different
homotopy classes are thus decoupled from one another [41-45]. For a
reactive system with a CI that has the space of Fig. 1, this means that a path
with a given winding number n is coupled to all paths with the same n, but is
decoupled from paths with different n. As a result, the Kernel separates
into [41-45]

K(x,xolt) = Z ™K, (X, Xolt) (8)

n=—o0
where

Ko, %o|f) = JD x(1)eiStx0)/m )

and D,x denotes the sum over all paths linking X, to x that have winding
number 7.

Each K, in Eq. (8) has a different overall phase, which arises because a
different Lagrangian can be used for each value of n. However, there is a strong
constraint on these phases, which arises because the set of Kernels K, must form
an irreducible representation of the Fundamental Group of the circle. As a
result, the phases have the form ¢™* [given in Eq. (8)], so that there is only one
parameter o that can be varied. To determine possible values of o, let us
consider the operation ¢ — ¢ + 21 on K,. This operation is equivalent to
rotating the end points of all the paths around the CI by 2m, thus increasing the
winding number of each path from n to n + 1. As a result, K, — K|, which
means that, overall, K — exp(io)K. In other words, specifying o is equivalent to
specifying the ¢ — ¢ + 2m boundary condition that is to be satisfied by the
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Kernel. Thus, we can obtain Kernels corresponding to GP and non-GP boundary
conditions by choosing o = m and o = 0, which gives

Kg(x,%olt) = Ke(X, Xo|t) — Ko (X, Xolt) (10)

Kn(x,x0|t) = Ke (X, %0|t) + Ko (X, X0]?)
where K, = >_ K,,, with the sum running over all even n, and K, is similarly
defined for odd n.

To put this result in context, one should imagine a crude semi classical
calculation, in which one propagates Newtonian trajectories, each of which is
given a phase exp(iS/#). One could implement the GP boundary condition by
counting the number of loops n made by each trajectory around the CI, and
adding an extra nm to the associated phase. To our knowledge, no such
calculation has been reported, almost certainly because it would be difficult
to disentangle genuine GP effects from errors in the approximation. However,
Eq. (10) tells us that such an intuitive approach can be applied to the Feynman
paths, and thus implemented rigorously, without approximation.

D. Consistency between the Symmetry and Feynman Approaches

The separation of the Feynman paths in Eq. (10) is equivalent to the splitting of
the wave function into ¥, and ¥, in Eq. (6). To demonstrate this, we connect the
Kernel to the wave function using [48],

U (x) :ﬁjdxo J:’ dte™K (x, xo|1)%(xo0) (11)

where y(xo) is an initial wave packet, which contains a spread of energies
A(E). At time ¢ = 0, %(xo) is localized in the reagent channel, at a sufficiently
large reagent separation that the interaction potential can be neglected. The
function ¥ (x) given by Eq. (11) is the time-independent wave function, with
incoming boundary conditions in the reagent channel, as represented
schematically in Fig. 3. It follows immediately from Eq. (11) that K. generates
U.(d), and K, generates ¥,(¢). Hence, unwinding the nuclear wave function
according to Eq. (6) is equivalent to separating the even n Feynman paths, which
are contained in W, (¢), from the odd n paths, which are contained in ¥, ().
Some care must be taken when applying the Feynman interpretation to
Eq. (6), as the Feynman interpretation must be consistent with the position of
the cut line (used to map from the double to the single space). For example,
Fig. 6a and b shows two different choices of cut line. It is clear that the relative
sign of We(¢) and ¥,(¢), and hence all the GP effects, are independent of
the position of the cut line. However the overall phase of U(¢) does depend on
the cut line. This phase is important, because it must cancel out a corresponding
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(@) (b) (c)

Figure 6. Diagram showing how the winding number n of the Feynman paths should be
defined with respect to the cut line. In (a), the cut line (chains) is placed between ¢ = —e and
21 — €; in (b), between ¢ = /4 and —7n/4. In (c), the wave function describes a unimolecular
reaction, in which the initial state occupies the (gray shaded) area shown. Feynman paths originate
from all points within this area (inset); their winding number 7 is defined with respect to the common
cut line.

phase in the electronic wave function ®(¢), to give a total wave function
Us(d)P(d), which is independent of the position of the cut line. Because of
this, one needs to define the winding number n with respect to the cut line and
not with respect to the (¢ = 0) point at which the nuclear wave function enters
the encirclement region. Thus in Fig. 6b, a path that starts at ¢ =0 and
terminates at ¢ = 1/2, and has made no loops around the CI, is classified as an
n = 0 path. However, a path that starts at ¢ = 0 and terminates just short of the
cut line at, say, ¢ = /6, and has also made no loops around the CI, is an
n = —1 path. A path that enters at ¢ = 0 and makes one clockwise loop around
the CI will be an n = 0 path if it terminates just short of the cut line, and will
only become an n = 1 path once it has passed the cut line, and so on. By
classifying the Feynman paths with respect to the cut line in this way we ensure
that the overall phase of Wg(¢) has the correct dependence on ¢ needed to
cancel the corresponding dependence of the phase of ®(¢).

In Fig. 3, we placed the cut line between ¢ = —e and ¢ = 21 — €, where € is
an arbitrarily small number. This choice will often be the most convenient cut
line, because n then exactly describes the number of complete loops that the
system has made around the CI since entering the encirclement region. Thus the
paths that scatter inelastically will each have described an (internal) rotation of
exactly ¢ = 2nm.

However, it will not always be possible to fix the cut line at the same value of
¢ as the entry points, for the reason that the system does not enter the
encirclement region at one unique value of ¢. Up till now, we have assumed (see
Section II.B) that the reaction is bimolecular, that it can only encircle the CI
when the nuclei are all close together, and that the reagents and products are
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distinguishable. These conditions are what are required to guarantee that the
system starts at one unique value of ¢, which we have taken to be ¢ = 0. We
can now relax these conditions, and consider unimolecular reactions, and
reactions that can encircle the CI at large separations of the reagents or
products. We consider the case of bimolecular scattering with identical reagents
and products in Section IV. A.

We can represent a unimolecular reaction using the diagram of Fig. 6¢. The
gray blob indicates the initial state of the system. For example, it could be the
Frank—Condon region accessed in a photodissociation experiment [49]. All the
Feynman paths that contribute to the nuclear wave function will originate in
the initial state. Hence, the paths will have a spread of start points, distributed
over the range of ¢ for which the initial state is nonnegligible. Clearly, the
symmetry argument of Section II.B applies immediately to this system, so we
may unwind the wave function, and extract ¥, and V¥, using Eq. (6). We can
then interpret these functions as containing the even n and odd n Feynman
paths, respectively, where n is defined with respect to a fixed cut line. Note
that, when we discuss, say, the even n Feynman paths, we are not referring to
paths that all necessarily complete an even number of loops around the CI,
since the paths may have started on different sides of the cut line (if the latter
passes through the initial state), or on different sides of the end point. The
reader may verify that, in either of these cases, the even n paths will contain a
mixture of paths that have looped an even and an odd number of times around
the CIL.

Hence, when applied to a unimolecular reaction, Eq. (6) does not give such a
neat separation into even- and odd-looping Feynman paths. However, the
separation that it does give (into even and odd n, each of which contains a
mixture of even- and odd-looping paths) is the one that is necessary to explain
the effect of the GP, since these are the two contributions to ¥ whose relative
sign is changed by the GP. Clearly, if we were to compute directly the Kernels,
we could then separate out the odd- and even-looping paths, because we would
know the starting point of each path. In the wave function, however, we neither
know the starting points of the individual paths, nor do we need to in order to
explain the effect of the GP.

Similar arguments to those just given apply to bimolecular reactions in which
the CI can be encircled when the reagents are still well separated from one
another. For such systems, one cannot define ¢ such that it tends to a unique
value as the system travels out along the reagent channel. The incoming
boundary condition must then be applied across a range of ¢, which is
analagous to the range of ¢ contained in the initial state of the unimolecular
reaction. Applying Eq. (6) will then separate out the even and odd » paths with
respect to a fixed cut line, which paths may contain a mixture of odd- and even-
looping paths (as in the unimolecular case).
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III. APPLICATION TO THE HYDROGEN-EXCHANGE
REACTION

The above theory is completely general, but was developed in response to a specific
challenge, which was to explain the “cancellation puzzle” posed by the results of
Kendrick’s calculations [20-22] on the hydrogen-exchange reaction. This
application of the theory gives a very good illustration of the effect of the GP on
a gas-phase reaction, and we discuss it here in some detail. Note that the only
familiarity with reactive scattering assumed is a basic knowledge of quantum

scattering theory (e.g., given in standard introductory texts on quantum mechanics).

A. Reaction Paths and Potential Energy Surface

The first thing to be done when applying the theory is to identify the e and o
reaction paths. One can then proceed to calculate ¥ and Wy, and then to extract
U, and ¥, using Eq. (6). In H + H,, the form of the potential energy surface is
very well characterized [50-53], and the form of the CI is a standard example of
an E x e Jahn—Teller intersection.

Figure 7 shows a schematic representation of the H + H, potential energy
surface [29], plotted using the hyperspherical coordinate scheme of Kuppermann
[54]. In this section, we will treat the three hydrogen nuclei as distinguishable
particles, ignoring the requirement that the nuclear wave function be
antisymmetric under exchange of two 'H nuclei. The exchange symmetry is

Figure 7. Schematic representation of the 1-TS (solid) and 2-TS (dashed) (where TS =
transition state) reaction paths in the reaction Hy + HgHc — HaoHe + Hp. The Hj potential energy
surface is represented using the hyperspherical coordinate system of Kuppermann [54], in which the
equilateral-triangle geometry of the CI is in the center (x), and the linear transition states (1) are on
the perimeter of the circle; the hyperradius p = 3.9 a.u. The angle ¢ is the internal angular
coordinate that describes motion around the CI.
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easy to incorporate by taking appropriate linear combinations of the
unsymmetrised (distinguishable particle) wave functions, and we explain how
to do this in Section IV.A. Hence, we consider here only the effects of the GP on
the unsymmetrised wave functions, since these are the effects caused by reaction
paths that encircle the CI, which give rise to the cancellation puzzle.

Hence, we consider wave functions in which the reaction starts at an
asymptotic separation of one uniquely specified arrangement of the atoms
(A + BC), and analyze the cross-sections produced by reactive scattering into
one of the product channels (AC + B). It is well known [55,56] that the
dominant H 4+ H, reaction path passes over one transition state (1-TS), as
illustrated schematically in Fig. 7. Since GP effects are found in the reaction
probabilities at sufficiently high energies [20-22, 25-27] (>1.8 eV above the
potential minimum), the wave function must encircle the CI at these energies,
and thus also contain reaction paths that pass over two transition states (2-TS).
For the AC + B products, the 1-TS paths make less than one full revolution,
loop in a clockwise sense around the CI (see Fig. 7), and are assigned a winding
number n = 0 (following the convention of Section II.C). The 2-TS paths also
make less than one full revolution, but loop in an anticlockwise sense, and are
assigned n = —1 [28]. This means that the 1-TS (Feynman) paths are contained
in U, and the 2-TS paths in ¥,. In principle, there are also paths with higher
winding numbers present in both W, and ¥,, but these can be ignored (since
reaction paths passing over three or more TS are highly unlikely in H + H,). In
this chapter, we will therefore use the terms W, paths and 1-TS paths (and ¥,
paths and 2-TS paths) interchangeably.

B. Application of Topology to Reactive Scattering

Here we summarize what the reader will need to know about reactive scattering
in order to understand the application of the topological ideas of Section II to the
hydrogen-exchange reaction. The only thing we assume is that the reader is
familiar with the concept of scattering wave functions and boundary conditions.
Generalizing these concepts to reactive scattering is conceptually straightfor-
ward (although technically difficult [S7-62], but we will not need to discuss the
technicalities here).

We consider a nuclear wave function describing collisions of type
A+BC(n) — AC(n') + B, where n= {v,j,k} are the vibrational v and
rotational j quantum numbers of the reagents (with k the projection of j on the
reagent velocity vector of the reagents), and n’ = {V',j, k'} are similarly defined
for the products. The wave function is expanded in the terms of the total angular
momentum eigenfunctions Dik,((), N, %) [63], and takes the form [57-61]

1 3
U R0 0.M0) = 5 D (20 + DO M 0F (R, ry)  (12)
n Jk




THE INFLUENCE OF THE GEOMETRIC PHASE ON REACTION DYNAMICS 17

where 7k, is the magnitude of the A—BC approach momentum. The label A will
be taken to be each of G, N, e, or o (see below), which indicate whether the wave
function is ¥g, ¥y, ¥, or ¥,. The internal degrees of freedom (in which the GP
boundary condition is applied in ¥g) are described by the coordinates (R, r,Y),
which can be defined in either the reagent or product arrangements; in the product
arrangement, r is the AC bond length, R is the length of the vector joining B to the
AC center of mass, and 7 is the angle between this vector and the AC bond. The
external, spatial degrees of freedom are described by the Euler angles (6,1, ).

The most important observable is the angular distribution of the scattered
products with respect to the initial approach direction of the reagents, which is
called the state-to-state differential cross-section (DCS). The DCS can be
written [57-61]

do

n'—n
dQ (0,E) = 2+1

il (0.E)F (13)

where f i

wen(®;

E) is the scattering amplitude, obtained by taking the asymptotic
limit of \IIL](R, r,v;0,m,%) as R — oo. To obtain an expression forfg:]_n((l),E),

we take the R — oo limits of the components Fg;]k, (R, r,7y), which are

Jnk’ R r Y Z\/ n !k/ e ”,RS[] (J7E) (14)

where ©;(y) and \,,(r) are the rotational and vibrational wave functions of
AC. The aim of the calculation is thus to determine the matrix of coefficients
SLXHH (J,E), which is called the reactive scattering S matrix. Using this

expression, we obtain

£ (o, ZF )2 + D)d, (n — 0)S% (J,E) (15)

lk n'—n

where d{, (n — 0) is a reduced Wigner rotation matrix [63]. We have included a
filter F(J) in Eq. (15), which allows us to calculate separate DCS corresponding
to different ranges of J. There is a rough correspondence between J and the
classical impact parameter b, such that low values of J correspond to low-impact
(i.e., head on) collisions of the reagents, and high values of J correspond to high-
impact (i.e., glancing) collisions.

In addition to the DCS, we also need to consider the state-to-state integral
cross-section (ICS), which is a measure of the total amount of scattered AC
product in quantum state n’, and is given by

0y _ 21

2,]+ 1 JO V‘nh—n(e E)| SlnGdG (16)
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We will also need to consider the reaction probability, which is a measure of the
amount of scattered product at a given value J, defined by

(A

n'<—n

P

2
wen E) = IS, (], E)| (17)
In general, it is difficult to map contributions from different reaction paths onto
the DCS. However, Eq. (6) tells us that, in a reaction with a CI, one can easily
map the contributions from the e and o (Feynman) paths onto the DCS. Since
Eq. (6) applies to the entire wave function, we can apply it to the asymptotic limit

of the wave function in Eq. (14), and thus to S[G](E ) and S[N](E), to obtain

1

le] _ 1 relN) [G]
s (E)_ﬁ[s (E) + S'9U(E)] (18)
§°() — iz ISN(E) — S9(E)]

These equations are all that we need to explain the effect of the GP on scattering
cross-sections, such as the DCS and ICS. They allow us to compute separate
e and o cross-sections using Eq. (15), which show the scattering produced by
the e and o reaction paths in isolation. They tell us that we can only expect GP
effects if £ (0, E) and £} (0, E) overlap.

In the case of the H 4 H, reaction, Eq. (18) specializes to

SU-TSl(E) = sEl(E)

1
SEISI(E) = sPU(E) (19
Hence, simply by adding and subtracting the computed S'°Y(E) and SN(E), we
can identify the contributions from the 1-TS and 2-TS reaction paths in the DCS
and ICS, and thus explain the effects of the GP on the H + H, reaction.

C. Details of the Calculation: The Use of Vector Potentials

Before discussing the results of applying Eq. (19), we explain how the GP
boundary condition is implemented numerically in the calculations of SI°I(E).
This is the most technical part of the chapter, and the material here is not needed
to understand the sections that follow.

There are three ways of implementing the GP boundary condition. These are
(1) to expand the wave function in terms of basis functions that themselves
satisfy the GP boundary condition [16]; (2) to use the vector-potential approach
of Mead and Truhlar [6,64]; and (3) to convert to an approximately diabatic
representation [3, 52, 65, 66], where the effect of the GP is included exactly
through the adiabatic—diabatic mixing angle. Of these, (1) is probably the most
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elegant method, but it can be implemented efficiently only if the encirclement
angle ¢ is a simple function of the coordinates used to represent the
Hamiltonian. This is not the case for the coordinates (R, r,y), which we use in
our calculations. Approach (3) is in general numerically the most robust way to
include nonadiabatic effects, but it requires that one carry out the calculation on
two coupled surfaces, which is clearly inefficient if the system is confined to the
lower adiabatic surface. Approach (2) is both numerically robust and uses just
the one (lower adiabatic) surface, and is hence the approach we used in the
H + H, calculations [26].

In the vector potential approach [6], the (real) electronic wave function ® ()
is multiplied by a complex phase factor f(¢), defined such that

F(d+2m)®(d +2n) =£(d)D(d) (20)

A simple choice of phase factor is one that has the form

£(§) = 2 1)

where [ must be chosen odd to ensure that Eq. (20) is satisfied. All odd values of
[ will correctly incorporate the GP, and give physically equivalent wave functions,
which will differ only in an overall phase factor. Similarly, all even values of / will
give the non-GP wave function.

When f(d) takes the form of Eq. (21), the nuclear Laplacian operator is
modified according to

—V? = (=iV = A) - (=iV = A) (22)

where the vector potential A is given by
l
A=— 2 Vo (23)

Hence, the method of Mead and Truhlar [6] yields a single-valued nuclear wave
function by adding a vector potential A to the kinetic energy operator. Different
values of odd (or even) [ yield physically equivalent results, since they yield
U(¢) that are identical to within an integer number of factors of exp(i$). By
analogy with electromagnetic vector potentials, one can say that different odd (or
even) [ are related by a gauge transformation [6, 7].

To implement the vector potential in the Jacobi coordinate system (R, r,Y),
one proceeds as follows. The Jacobi kinetic energy operator splits into three
parts [61]:

T =Tg+ T, + Tung (24)



20 STUART C. ALTHORPE, JUAN CARLOS JUANES-MARCOS, AND ECKART WREDE

where each contains a derivative term in just one of the Jacobi coordinates
(R,r,7), and hence contains one component of the vector potential,

_L3¢(R, 1Y)

Aa(Ra r7 Y) = 2 aa

(25)
where a denotes, respectively, R, r, and y. Note that ¢ is a function of all three of
the coordinates.

The method used to propagate solutions to the Schrodinger equation [61]
requires 7 to be represented on a grid of points distributed in (R, r,v), which we
will denote using the labels |klm >. The first term in T is given by

A s

= T oAk (26)

(where i is the reduced mass associated with R). Application of Eq. (22)
changes the derivative operator according to

0 .0 0
~a (o) (g 40)

? ., [0 0
H—W—I—AR—&—l(ﬁAR—FAR&)

(27)

This operator is diagonal in all but the R grid basis functions (denoted |k)), and its
matrix elements change according to

. . W
MITRIK) — (KITRIK) + 5 { B An(Re, 7, 7,)°
R

0
+ l<k R

where Ry denotes the value of R at the kth grid point; r; and v,, are the r and 7y grid
points (see below). Note that this expression was derived by keeping the operator
in the symmetric form of Eq. (27), and acting outward with the first derivative
operators, on the bra and the ket. This approach (as opposed to taking the second
derivative of the ket [20,21]) yields a grid matrix which is exactly Hermitian.

The second term 7, has exactly the same form as Ty (with r in place of R)
and produces an exactly analogous change in the matrix elements between the 7-
grid basis functions |/).

The most complicated changes are those produced in the third term Tang. This
operator can be split into three terms [67]

k'>[AR<Rk,n,vm>+AR<ka,n,vm>]} (28)

T = 1)+ 16) + 75) )
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which are given by

gy _ 220
ang 2“RR2
. 1 1 \-
@ _ (2 2 \»
Ting = <2MRR2 * 2W2>] 0
F6) — _ Jj+ 77
e 2ueR?

The term Tg]; contains the total angular momentum operators J? and ] 2. These
do not operate on the internal degrees of freedom, and are thus not changed by
Eq. (22). The term Téng contains the BC angular momentum operator j*, which
involves a y-derivative operator. The change brought about in this operator by
Eq. (22) is similar to Eq. (27). The matrix elements of Tﬁé are diagonal in all but
the vy grid basis functions |m), and change according to

(m(TEm') — (m |dng|m>+h2(

+i<m

The operator Tﬁé contains the cross-terms that give rise to the Coriolis coupling
that mixes states with different 2 (the projection of the total angular momentum
quantum number J onto the intermolecular axis). This term contains first
derivative operators in y. On application of Eq. (22), these operators change the
matrix elements over Tang according to

1 1 s
P 8mm“A R sl i'm
ZMRRi+2urr?){ 78571 e

(31)

m/>[Ay(Rka rl7Ym) +A'y(Rk7 rlv’Ym’)]}

(mIQT,

m I — (mJ QT IV

an&, ang

i

+2 #R:

{800-11C oy (mQUm' Q')A (Re, 11, v,0) (32)
—800+1C o (m' QY |mQ)A (R, 11, v,) }

where

L =+ala+1)—bbE1) (33)

To apply the above equations to H 4+ H,, we need an expression for the vector
potential A(R, r,v), which can be obtained from Eq. (25) once the angle ¢ has
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been specified. As mentioned above, we are free to define ¢ in any way,
provided that @ = 0 — 2 describes a closed path around the CI. We chose the
form,

(34)

O(R,r,7) = tan”' (M)

2Rrcosy

where d is a dimensionless scaling factor defined in [26]. In the potential cut
shown in Fig. 7, this definition of ¢ corresponds to the circular polar angle
describing an internal revolution about the CI.

D. Solving the Cancellation Puzzle

We are now in a position to discuss the cancellation puzzle in H + H,. We start
by considering the state-to-state reaction probabilities PB‘LH (J,E), computed
according to Eq. (17), with the filter F(J) = 1. Representative results, taken
from ref. [26], are shown in Fig. 8. These results [26] reproduce those obtained
earlier by Kendrick [21], and show that there are noticeable GP effects in some
of the state-to-state reaction probabilities, which indicate that a small
proportion of the wave function encircles the CI. A curious feature of these

Probability (scaled to fit)

N .~

18 2.3 18 23 1.8 2.3 18 23 18 2.3 18 23
E(eV)

Figure 8. State-to-state reaction probabilities, for H+ H,(100) — H»(250) + H, computed
using GP (solid lines) and non-GP (dashed lines) boundary conditions.
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results is the apparent alternation in sign of the difference between the GP and
non-GP probabilities,

APy_,(J,E) =P (1,E)— P! (J,E) (35)
as a function of J.

One would expect that effects of similar magnitude to those shown in Fig. 8
should also appear in the corresponding state-to-state differential and integral
cross-sections. However, this is not the case. As already mentioned, there is a
considerable amount of cancellation of GP effects in these quantities, which we
refer to as the cancellation puzzle. The unexpected cancellations appear in the
state-to-state DCS at low impact parameters (i.e., low values of J), and in the

state-to-state ICS (including all impact parameters). We now discuss each of
these cancellations in turn.

1. Low Impact-Parameter Cross-Sections

The cancellation in GP effects in the state-to-state DCS are found [20-22, 26, 27,
29] at low impact parameters, when F(J) in Eq. (15) is chosen to include only
contributions for which J < 9. It is well known [55,56] that most of the reactive
scattering in this regime consists of head-on collisions, in which the reaction
proceeds mainly by the H atom striking the H, diatom at geometries that are
close to linear. Most of the products are then formed by direct recoil in the
backward (6 = 180°) region, this being typical behavior for a hydrogen-
abstraction reaction.

Figure 9 shows the low impact DCS obtained for the same initial and final
states (250 < 100), and at the same energy (2.3 eV above the potential minimum),

4 T T .
(@) (b)

e
N
°< n
< " Iay
o 2 AN A
< A
0 Py %30
(@] H ' 1 1
st AV

0 —— : =

0 45 90 135 0 45 90 135 180
0 (deg) 0 (deg)

Figure 9. Low-impact parameter DCS at 2.3 eV, for H + H,(100) — H»(250) + H, describing
the scattering of (a) ¥ (solid lines) and Wy (dashed lines), and (b) W, (solid lines) and W, (dashed
lines).
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as the reaction probabilities of Fig. 8. These DCS are clearly consistent with the
abstraction mechanism just mentioned. Most of the scattering is concentrated in
the backward direction, but there is a tiny component in the forward (6 = 0)
direction. The striking feature is that the GP and non-GP DCS are in perfect
agreement. The noticeable GP effects in the reaction probabilities of Fig. 8
appear to have canceled completely.

This observation is the first part of the cancellation puzzle [20, 21, 27, 29].
We know from Section III.B that we should be able to solve it directly by
applying Eq. (19), which will separate out the contributions to the DCS made by
the 1-TS and 2-TS reaction paths. That this is true is shown by Fig. 9(b). It is
apparent that the main backward concentration of the scattering comes entirely
from the 1-TS paths. This is not a surprise, since, by definition, the direct
abstraction mechanism mentioned only involves one TS. What is perhaps
surprising is that the small lumps in the forward direction, which might have
been mistaken for numerical noise, are in fact the products of the 2-TS paths.
Since the 1-TS and 2-TS paths scatter their products into completely different
re ions of space, there is no interference between the amplitudes fn’<—n( ) and
fn,Hl(O) and hence no GP effects.

We note that the particular (2,5,0 < 1,0,0) state-to-state DCS that we have
chosen happens to have a perfectly clean separation between the 1-TS and 2-TS
scattering, which is why the cancellation in GP effects is perfect. Most of the
other low impact DCS, however, have a small amount of overlap between the 1-
TS and 2-TS scattering, which means that the GP effects almost cancel out in
the cross-sections, but that tiny, genuine GP effects remains. Examples of such
cross-sections are given in [29].

The fact that the 1-TS and 2-TS paths scatter mainly in opposite directions is
also the reason for the alternation in sign of AP,/ ,(J, E) pointed out above. It
is important to realize that this alternation is not exact. For example, in Fig. 8,
we see that AP, ,(J,E) has the same sign for J = 13 and 14, and that, at
2.3 eV, the alternation is broken by AP, . ,(2,E) = 0.

We can explain the approximate alternation of AP, ,(J, E) = 0 by substituting
Eq. (19) into Eq. (35), to obtain

n<n

APy (J,E) = —2F(J)*Re [l (s, E)r s (J,E)] (36)

We then invert Eq. (15) by integrating over 6, which yields the following
expression for the S-matrix elements,

sM (g, E) = J £ (0, E)dl, (n — 0) sin 040 (37)
F(J) Jo
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Equations (36) and (37), together with the property d?,(t — 0) = (—1)"d/,,(6)
[63], show that if the scattering amplitudes satisfied

Sy (0, E) o< £2 (e — 0, E) (38)
then the sign of AP,_,(J, E) would follow (—1)” exactly. In the DCS of Fig. 9,
there is a major component in the 1-TS and 2-TS amplitudes that satisfies
Eq. (38), as well as a minor component that does not. Hence, overall the sign of
AP, ,(J,E) displays an approximate alternation with J.

2. Full Cross-Sections

The second part of the cancellation puzzle concerns the full state-to-state DCS
and ICS (i.e., including all the impact parameters). In this case, the GP effects do
not cancel in the DCS [26, 27, 29], as is shown in Fig. 10. Instead, they shift the
phase of the fine oscillations that are superimposed on the main DCS envelope.
Following the above, this indicates that the 1-TS and 2-TS paths scatter into
overlapping regions of space, so that the GP produces an effect by changing the
sign of the interference between fnLZS]( 0) and f [2-75] ( ). This is confirmed by

n'«—n

Fig. 10b, which shows that the 1-TS and 2-TS DCS do indeed overlap.
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Figure 10. Full DCS (i.e., including all impact parameters), for H + H,(100) — H,(250) + H,
describing the scattering of (a) W¢ (solid lines) and Wy (dashed lines), and (b) W, (solid lines) and
U, (dashed lines). (c) The phases of the corresponding e and o scattering amplitudes.
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Figure 11. The ICS for H + H,, computed using GP (solid lines) and non-GP (dashed lines)
boundary conditions, for (a) H+ H,(100) — H,(250) + H over a range of energies, and (b)
H + H,(100) — Hy(v,j) + H at 2.3 eV.

The surprizing result is that these GP effects cancel out completely when the
DCS is integrated over 0 to yield the ICS [via Eq. (16)]. This cancellation is
shown in Fig. 11(a) for the (2,5,0 < 1,0,0) ICS over a range of energies, and
in Fig. 11(b) for all the nonzero state-to-state ICS at E = 2.3 eV. In general, one
expects small differences in a DCS to average out on integrating over 0, but a
complete cancellation of the differences, which is found to hold for all final
states and collision energies tested [26], suggests that there is a systematic
difference between the 1-TS and 2-TS scattering dynamics that is causing the
cancellation.

This last point is the second part of the cancellatlon puzzle, and is soon
explained by ﬁ)lottmg the phases 3 (0 ,E) and 3 (0 ,E) of the scattering

n Hn( n Hn(
amplitudes fn, (0,E) and fﬁ_n(e,E) (Fig. 10c). It is clear that these phases

—, il
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depend in opposite senses on 0, and the same trend is observed for most of the
other final states considered [29]. As a result the integrand in

o (B)— oM ()= 2" Re J 9 0,E)" (0,E)sin0d0. (39)
0

n'«n n'<—n 2] + 1 n'<—n n'<—n

is highly oscillatory (with period ~ 12°), and thus integrates to a very small value
(although not to zero).

From semiclassical scattering theory [68,69], it is known that a negative
dependence of ®,/.,(0, E) on 0 indicates scattering into positive deflection angles,
and vice versa. The terms nearside and farside are sometimes used to describe
these two types of scattering (see Fig. 12). Hence, the reason that GP effects cancel
in the state-to-state ICS is that the 1-TS and 2-TS paths scatter in opposite senses
(with respect to the center-of-mass). There is thus a mapping between the sense in
which the reaction paths loop around the CI (clockwise for 1-TS, counterclockwise
for 2-TS), and the sense in which the products scatter into space.

3. The 2-TS Mechanism

To complete the explanation of why GP effects cancel in the ICS, we need to
explain why the 2-TS paths scatter into negative deflection angles. (It is well
known that the 1-TS paths scatter into positive deflection angles via a direct
recoil mechanism [55, 56].) We can explain this by following classical
trajectories, which gives us the opportunity to illustrate a further useful
consequence of the theory of Section II.

This is that, once we have separated the nuclear wave function into ¥, and ¥,
using Eq. (6), we are free to model the dynamics of each component separately
using classical trajectories, secure in the knowledge that we have removed the

nearside
®=+0
4. ........ _,._. ........
O=—=0
> farside

Figure 12. Diagram illustrating the difference between nearside scattering into positive
deflection angles ©, and farside scattering into negative ©. The arrow (chains) represents the initial
approach direction of the reagents in center-of-mass frame; the gray rectangle represents the spread
of impact parameters in the initial plane wave. Most of the 1-TS paths scatter into positive ©, and
most of the 2-TS paths into negative ©.
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effects of the GP. Hence, although we cannot use classical mechanics to predict
the effect of the GP, which is entirely a quantum effect, we can use it to model the
dynamics of the e and o paths separately. This allows us to predict the extent to
which these paths will overlap, and hence estimate the likely magnitude of the GP
effects. Of course, we must make allowances for the other types of quantum
effects found in reaction dynamics, such as tunneling, zero-point energy, reactive
resonances, and threshold effects. The best way to do this is to make detailed
comparisons with quantum scattering data (e.g., the state-to-state product
distributions), using the quasiclassical trajectory (QCT) approach [70-72].

Hence, in H + H, we were able to use QCT to model the dynamics of the
1-TS and 2-TS reaction paths separately [29]. The main feature of the quantum
calculations that the QCT calculations must reproduce is the scattering of the
1-TS paths into positive deflection angles, and the 2-TS paths into negative
deflection angles (since this is what causes the cancellation of GP effects in the
ICS). Figure 13 shows that the scattering of the classical 1-TS and 2-TS paths
agrees strikingly in this regard, suggesting that, at the very least the classical
trajectories are able to give a good overall explanation of why the 2-TS paths
scatter into negative deflection angles.

Figure 14 shows a representative 2-TS trajectory, which demonstrates that
the 2-TS paths follow a direct S-bend insertion mechanism. The trajectory
passes through the middle of the molecule, and avoids the CI; this forces the
products to scatter into negative deflection angles. The 2-TS QCT total reaction

180
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25 30 35
total angular momentum, J

Figure 13. Density plot of the correlation between the deflection angle, ©, and the total
angular momentum, J, for 1-TS (open diamonds) and 2-TS (circles) trajectories at 2.3-eV total
energy. Note, only 5000 trajectories are plotted for each type for clarity.
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Figure 15. Quantum (lines) and QCT (points) total cross-sections for the H+ H, 1-TS and
2-TS paths.

cross-section (Fig. 15) is roughly one-half of the quantum result, suggesting that
the reaction is enhanced by quantum tunnelling. This seems reasonable for such a
constrained reaction path, and in [29] we use the product rotational distributions
(not shown here) to argue that the insertion is facilitated by tunneling through the
side of the lower cone of the CI.

IV. FURTHER ASPECTS OF TOPOLOGY

A. Including Particle-Exchange Symmetry

So far, we have treated the atoms as distinguishable particles, both in the general
theory of Section II and in the application to H 4+ H, in Section III. Here, we
explain how to incorporate the effects of particle exchange symmetry. First, we
discuss how the symmetry of the system maps from the physical onto the double
space, and then explain what effect the GP has on wave functions of reactions
that (like H 4+ H,) have identical reagents and products.

1. Symmetry in Double Space

A useful property of the double space is that it clarifies the treatment of
symmetry [28]. In the single space, the symmetry of W can appear confusing,
because it depends on the position of the cut line. One way to avoid this
confusion is to consider the symmetry of the total (electronic + nuclear) wave
function W&, which is of course independent of the position of the cut line [6, 7].
Another way is to map Wg onto the double space.

In Section II, we explained that Wy and Wq are respectively symmetric and
antisymmetric under the operator R, in the double space. More generally, if the
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Figure 16. Relation between symmetry in (a) the single space and (b) the double space of a
system whose molecular symmetry group has a ¢ plane in the single space, and is isomorphic with
C,, in the double space.

molecular symmetry group in the single space is G, then the symmetry group in the
corresponding double space is the direct product double group G ® R, where
R = {E,R,.} (and E is the identity operator). The properties of direct product
double groups are well known from molecular spectroscopy [73]. A double group
G ® R has exactly twice as many symmetry operations as the corresponding single
group G, though not necessarily twice as many classes and irreducible
representations (irreps). All irreps in the double group will be either completely
symmetric or antisymmetric under Ry,. Clearly, the antisymmetric (symmetric)
irreps constitute all the allowed symmetries of the ¥ (Py) states.

For example, consider the system shown in Fig. 16, in which the (single-
space) molecular symmetry group is {E,c}, where ¢ is a mirror plane of
symmetry running from top to bottom of the figure. The symmetry group in the
double space is then {E,c} ® {E Rzn} which is isomorphic with Cy,, with a
second plane of symmetry 6* = Ryro. Clearly, there are two Wy irreps
(symmetric under Rzn) and two g irreps (antlsymmetrlc under R2n) The Wy
irreps have the same symmetry under o and o*; the Wg irreps have
opposite symmetries. Of the latter, let us take the irrep that is symmetric under
o and antisymmetric under ¥, which describes a reaction in which the reagents
are prepared in a state that is symmetric with respect to o. In the single
space, this function is antisymmetric under ¢ when the cut line is placed at
¢ = 0, symmetric when it is placed at ¢ = —n, and unsymmetric when it is
placed at, say, ¢ = /4. Use of the double space removes this ambiguity.

2. Identical Reagents and Products

When the reagents and products are identical, then the system enters the
encirclement region at several different values of ¢, and must therefore be
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Figure 17. The unsymmetrized functions (a) ¥g(¢), (b) —¥g(d — 2n/3), and (c) Y (Pp—

47 /3) for a system, such as H3, which has three identical reagent and product channels. Superposing

these components gives the wave function ¥&™ (¢) of Eq. (40) which is fully symmetric under cyclic

permutation of identical nuclei.

treated analogously to a unimolecular system [28] (Section II.D). Figure 17a
represents the nuclear wave function of the H + H, reaction (in the single
space), which was considered earlier by Mead under the assumption that it did
not encircle the CI [14]. In Fig. 17a, ¥ (or Yy, depending on which relative
phase of W, and ¥, is assumed in the diagram) is drawn as though the reagents
and products of the reaction were distinguishable (as they would be for say
D + H,). Thus all the Feynman paths that enter the encirclement region start at
one unique value of ¢.

To treat the reagents and products as indistinguishable, one must make the
total (electronic 4 nuclear) wave function symmetric under a cyclic exchange of
nuclei, which is equivalent to making it symmetric under rotations Ry, /35 Ry /35
about the threefold axis of symmetry. Mead showed that, because the electronic
wave function ® is antisymmetric under Ry, /3> then ¥ must be symmetrized
according to

VE"(9) = 1/V3[¥6(d) — Y6(d —2m/3)
+ Yo(p —4n/3)] (40)

By assuming that the system does not encircle the CI, Mead showed [14] that this
equation implies that the GP changes the relative sign of the inelastic and
reactive contributions in the scattering amplitude.

It is straightforward to combine Eq. (40) with the arguments of Section II, in
order to extend Mead’s result to systems that encircle the CI. One has simply to
substitute Eq. (5) into each term of Eq. (40), which yields

U™ () = 1/V6[W.(d) — Uy(d)
— U (¢ +21/3) + T,o(¢ +2m/3)
+ W (¢ +4m/3) — Wo(¢ + 47/3)] (41)
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We can represent this function in the single space, provided we use a common cut
line for all three components. This is shown schematically in Fig. 17. Use of the
common cut line is equivalent to taking the linear combinations in the double
space, then cutting a 27-wide section out of the entire U3 (¢). The winding
numbers n of the Feynman paths that enter the three equivalent reagent channels
must all be defined with respect to the common cut line, since they are analogous
to paths starting at different points in the initial state of a unimolecular reaction
(Section II.D).

We can now extend Mead’s argument in order to find out the relative sign of
the inelastic and reactive contributions to an encircling nuclear wave function.
The symmetrized wave function of Eq. (41) can be represented graphically by
combining the three functions of Figs. 17a—c, using the convention that the
dashed lines have the opposite sign to the solid lines. Four types of Feynman
path contribute to ¥3™ in a given reagent—product channel. We will call these
the direct inelastic, looping inelastic, direct reactive, and looping reactive. To
work out whether a contribution (in a given reagent—product channel) is direct
or looping, one should identify the shortest route back to the point at which the
path entered the encirclement region. If this route passes by one or more exit
channels then the path is looping; if it does not, then the path is direct. It is then
clear that the GP changes the sign of the direct reactive with respect to the direct
inelastic contribution, and that it leaves unchanged the sign of the looping
reactive with respect to the direct inelastic. The first of these observations
is Mead’s result [14]; the second is the required generalization of Mead’s result
to an encircling nuclear wave function. Although we have considered here
a reaction that has the same particle-exchange symmetry as the H + H, reaction,
the arguments above can clearly be generalized to treat reactions of any
symmetry.

B. Complete Unwinding of the Nuclear Wave Function

One can think of the mapping of the nuclear wave function onto the double space
in Eq. (5) as a partial unwinding of the wave function [28]. This amount of
unwinding is sufficient to explain completely the effect of the GP. However, it is
interesting to consider unwinding the wave function further. If the range of » that
contribute significantly to W is finite, then Eq. (8) implies that, in principle, one
can unwind Ug completely, separating the contributions from individual values
of n.

First, let us consider a system in which # is restricted to n = 0 and n = —1.
The Kernels K,, are therefore negligibly small for n < —1 or n > 0. In such a
system, W, contains only the n = O paths, and W, only the n = —1 paths. Hence,
mapping onto the double space, to generate ¥, using Eq. (6), is sufficient to
unwind completely the nuclear wave function (Figs. 18a and b). In the double
space (Fig. 18b) the n = 0 and n = —1 paths are the branches of ¥, accessed by



34 STUART C. ALTHORPE, JUAN CARLOS JUANES-MARCOS, AND ECKART WREDE

2n 4n
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Figure 18. Complete unwinding of an encircling nuclear wave function ¥ by mapping onto
higher cover spaces. (a) The function Ug in the single space; (b) W, in the double space; (¢) ¥4 in
the quadruple space; (d) schematic picture of ¥y, in a 2An cover space. In each case, ¥ will be
completely unwound if it contains contributions from Feynman paths belonging to (b) 2, (c) 4, and
(d) h different winding-number classes.

rotating clockwise and counterclockwise from the entry point at ¢ = 0. There is
a gap between these two branches, such that W, in the double space is like a
nonencircling W in the single space (Fig. 4).

When higher n Feynman paths contribute to the wave function, one has
simply to apply repeatedly the single- to double-space mapping, until the nuclear
wave function is completely unwound (in the sense just defined). Thus, if the wave
function contains only n = —2, —1,0, 1 paths, then we need to compute a func-
tion ¥, in the double space that satisfies the boundary condition ¥,(¢) =
—W (¢ + 4n). Adding this function to ¥, [which satisfies ¥e(d) = V(P + 4m)]
then gives a new function, W4(d), which occupies the quadruple space
¢ =0 — 8n (see Fig. 18c). This new quadruple-space wave function will be
completely unwound, such that there is a gap between its clockwise and
counterclockwise branches. The n = —2, —1,0, 1 contributions will lie in the
—4n — —2n, —2n — 0,0 — 2w, and 2n — 4 sectors, respectively. If desired,
we can convert W, (¢) back to Ug by taking the combinations,

Wo(9) = 3 [W(6) — Wa( + 20)
+ Uy(d +4n) — Uy(d + 67)] (42)

and then cutting a 2n-wide sector out of the quadruple space, to map back onto
the single space.
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Clearly, the above procedure can be continued (in principle) as many times as
required. Thus, if the wave function includes n = —4---3 paths, we have
simply to define the function W)(¢) = —¥($ + 8x), and then map onto the
¢ =0 — 16w cover space, which will unwind the function completely. In
general, if there are 7 homotopy classes of Feynman paths that contribute to the
Kernel, then one can unwind Wg by computing the unsymmetrised wave
function ¥, in the 0 — 2Ahm cover space. The symmetry group of the latter will
be a direct product of the symmetry group in the single space and the group
{E,Ron, R, - -, Ry 1)z }-

This approach is applicable even to a system that supports long-lived
scattering resonances that correspond classically to periodic orbits [74] looping
around the CI. Clearly, such systems can support paths for which
—o0o < n < oo, meaning that if one wants to compute Wg exactly then it will
never be possible to unwind it completely. However, if one wants to compute
Ug to within a given accuracy, then the number of homotopic classes /& will be
finite because the time-dependent wave function WUg(7) decays exponentially
from within the encirclement region as a function of ¢. Hence, for a reactive
system, there must be a value of A, such that mapping onto a ¢ =0 — 2hn
cover space completely unwinds ¥, to within a specified accuracy—meaning
that there will be a region of ¢ in the 2/, cover space, over which |Wh(¢)|* is
negligibly small. This gap region will contain contributions from Feynman
paths with |n| > h, which could themselves be unwound (if higher accuracy
were later required) by mapping ¥, (d) onto a yet higher cover space.

In a numerical calculation, the number of times that one can unwind Wg will be
limited by the maximum size of cover space that can be treated computationally.
An efficient way to unwind onto an 2An cover space will be to compute the &
single-space wave functions that satisfy the boundary conditions

W, (¢ + 2mm) = 2"y, (&) (n=0...h—1) (43)

The wave function Wi in the 2k, cover space is then given by

=

() = ﬁ W, () (44)

Il
o

To compute each of the ¥, (¢), one can generalize the methods used to compute
Us. Hence, the most elegant method would be to use basis functions that satisfy
the boundary conditions of Eq. (43), if this were practical to implement. A more
general method would be to extend the Mead—Truhlar vector-potential approach
[6]. This approach would involve carrying out & calculations, each including a
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vector potential of the form
A= —i%Vd) (45)

wheren=0...h — 1.

To clarify, the complete unwinding of the wave function is not required to
explain the effect of the GP. The latter affects only the sign of the odd n
Feynman paths with respect to the even n paths, and is thus explained
completely once one has unwound these two classes of path by mapping onto
the double space. The complete unwinding explains the interference within the
even n and odd n contributions, by unwinding each of them further, into the
contributions from individual values of n.

C. Difference between Bound and Scattering Systems

This chapter has focused on reactive systems, in which the nuclear wave function
satisfies scattering boundary conditions, applied at the asymptotic limits of
reagent and product channels. It turns out that these boundary conditions are
what make it possible to unwind the nuclear wave function from around the CI,
and that it is impossible to unwind a bound-state wave function.

To see why this is so, let us attempt to apply the procedure of Section IL.B to
a bound-state wave function. This is illustrated schematically in Fig. 19. It is
clear immediately that we cannot construct an unsymmetric ¥, in the double
space, because each bound-state eigenfunction must be an irreducible
representation of the double-space symmetry group. Thus a bound-state
function in the double space is necessarily symmetric or antisymmetric under
Rzﬂ, and is thus either a Wg or a Wy function. For a Wg function, we have
Uy = 0 (since ¥ and Py cannot form a degenerate pair), which implies [from
Eq. (6)] that

U, = -V, =Ug (46)
Similarly, for a Wy function,
U, =", =Ty (47)

In other words, if we map a bound-state wave function onto the double-cover
space using Eq. (6), we simply duplicate the function, because the contribution
from the even n Feynman paths is exactly equal to (or equal and opposite to) the
contribution from the odd n paths.

If we continue mapping onto successively higher cover spaces, following the
procedure of Section IV.B, then the effect is the same. Instead of completely
unwinding the nuclear wave function, and producing a gap (where |¥,(¢)|” is
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Figure 19. Relation between ¥ and Wy for a bound-state system. The functions in the single
space (a) can be mapped onto the double space (b) where they have opposite symmetries under Ror,
and belong to different symmetry blocks of the double-space Hamiltonian matrix (c). Unlike reactive
wave functions, bound-state functions cannot be unwound from around the CI.

negligibly small), the mapping onto the 2hAm space generates a periodic
repetition of the original single-space function. Hence, the technique of Section
IV.B, in which one can unwind a reactive wave function completely from
around the CI (to within a specified accuracy) does not work for a bound-state
function. Heuristically, one may think of this as arising because, in the bound-
state system, the Feynman paths (like the classical paths) can describe an
infinite number of loops around the CI [28].

An encircling reactive wave function is thus topologically different from an
encircling bound-state wave function. This is the reason why, in Section IL A,
we said that, when the wave function encircles the C, it is |¥(¢)|* that has the
form of a torus, rather than U(d). A reactive wave function ¥(¢) is not a
torus—it is essentially a coil, since it can be unwound. A bound-state function
Us(d), on the other hand, is a torus (with a twist), because if one imagines
calculating it by propagating a function around the CI, then the two ends of the
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function must match up. In a reactive wave function, no such matching is ever
required, and we may loop each end of the function around the CI as many
times as we please, before allowing each end to pass out one of the entrance or
exit channels (where it is then matched up to the asymptotic scattering
functions). We therefore suggest that the term encirclement often used in the GP
literature should be qualified as weak encirclement, when the system is reactive,
and strong encirclement when it is bound.

Mapping onto the double space will therefore reveal nothing new about the
effect of the GP on a bound-state system, since this is purely a boundary-
condition effect. However, it does gives us an alternative representation of the
GP and non-GP wave functions, which may sometimes be clearer than the
equivalent single-space representation (in which one deduces the symmetry W
from the total wave function ®W). For example, in the double space, it is very
clear that the GP will cause all the bound states to be doubly degenerate when
the (single-space) molecular symmetry group is isomorphic with Cy, (because
the double-space group is then isomorphic with Cg,). Similarly, the double-
space picture is analogous to a double-well system, with periodic boundary
conditions, and this may also sometimes be useful in rationalizing the effect of
the GP on the spectrum. We note that use of a double space has proved very
useful in the analogous field of Mobius molecules, where the electronic wave
function satisfies what is in effect a GP boundary condition, on account of a
twist in the nuclear structure [75].

Of course, the distinction between reactive- and bound-state wave functions
becomes blurred when one considers very long-lived reactive resonances, of the
sort considered in Section IV.B, which contain Feynman paths that loop many
times around the CI. Such a resonance, which will have a very narrow energy
width, will behave almost like a bound-state wave function when mapped onto
the double space, since |¥.| will be almost equal to |¥,|. The effect of the GP
boundary condition would be therefore simply to shift the energies and
permitted nodal structures of the resonances, as in a bound-state function. For
short-lived resonances, however, |U.| and |¥,| will differ, since they will
describe the different decay dynamics produced by the even and odd n Feynman
paths; separating them will therefore reveal how this dynamics is changed by
the GP. The same is true for resonances which are long lived, but which are
trapped in a region of space that does not encircle the CI, so that the decay
dynamics involves just a few Feynman loops around the CI.

V. OUTLOOK AND CONCLUSIONS

The central theme of this chapter is that the effect of the GP on the dynamics of a
chemical reaction is very simple, thanks to the topological property of homotopy.
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Feynman paths that loop a different number of times around the CI are decoupled
from one another in the sum-over-paths, with the result that the nuclear wave
function can be split into separate contributions from the even- and odd-looping
paths. The sole effect of the GP is to change the relative sign of these two
components.

Although the basic physics behind this idea is not new (it was applied to the
Aharonov—Bohm effect many years ago [42, 43, 45]), its application to chemical
reaction dynamics was made only very recently, in our application to solve the
cancellation puzzle in H + H, [27-29]. This application has been discussed here
in some detail, since it illustrates how to use homotopy to explain GP effects in
chemical reactions. If one can compute the GP and non-GP nuclear wave
functions, then adding and subtracting these functions yields the even- and odd-
looping components. If one cannot compute the wave functions, one can still
estimate the likely magnitude of GP effects by modeling the dynamics of the
even- and odd-looping reaction paths using classical trajectories.

Hence, the GP has a much milder effect on reactive systems than on bound-
state systems. This difference has been overlooked in the past, but becomes
apparent on noting that an encircling bound-state function contains Feynman
paths that loop an infinite number of times around the CI [28]. Consequently,
the encirclement of a bound-state wave function is much stronger than that of a
reactive wave function; the bound wave function cannot be unwound from
around the CI, whereas the reactive wave function can. One consequence of this
is that the separation into even- and odd-looping paths yields no information
about the dynamics of a bound state system, in which these two contributions
are necessarily equal and opposite [28].

The H + H, example gives clues as to whether GP effects are likely to be
important in other reactions. The GP effects cancel in the integral cross-section
of H + H, because the even- and odd-looping paths scatter into different regions
of angular phase space. It seems reasonable to assume that many other direct
reactions will scatter in a similar manner (since looping different numbers of
times around the CI necessarily entails very different types of reaction
mechanism), and therefore show similar cancellations. We can also conclude
that there will be no GP effects in reactions that involve phase averaging (e.g.,
statistical capture reactions [76]). For similar reasons, GP effects are very
unlikely to affect the outcome of reactions in liquids. The best experiments to
see GP effects in reactions are thus likely to be ultrafast control experiments, in
which an encircling wave function is probed at short times [77].
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I. INTRODUCTION

Optimal Control Theory (OCT) is a broad subject with applications in very many
fields. In this chapter, we consider the application of OCT in the area of designing
laser pulses for manipulating molecular processes. This application of OCT falls
within the area of coherent control, which is the science of using shaped or
tailored laser pulses to determine or steer the outcome of a chemical process. The
term ‘“‘coherent” implies that the phase of the light plays an important role and
that the same control could not be achieved through manipulation of just the
amplitude of the light intensity. Two excellent books, [1, 2], the proceedings of
two conferences, [3, 4], special issues of two journals [5, 6], and many review
articles [7-25], have already been published on this subject, as well as a host of
research papers. The current review will deal only with the theoretical aspects of
the subject and presents, in a coherent fashion, many of the details of the OCT
formulation of the coherent control problem in quantum dynamics. In particular,
we focus on the equations necessary for determining the optimal field and the
numerical methods for the solution of the resultant equations, including methods
for applying constraints on the field. We also discuss an approach, with
illustrative examples, for including effects beyond the dipole approximation and
the use of analytic methods for guiding or interpreting OCT solutions. This
chapter will not directly address any experimental problems. The interested
reader is referred to the several excellent reviews focussing on the experimental
aspects of control. [21-25]. Having said this, our general approach is that the
theoretical treatment should be accurate and capable of correctly predicting and
interpreting real experiments.

There are two general theoretical approaches to laser control: (1) a small
number of interfering optical pathways are chosen based on physical intuition or
(2) many interfering pathways are created using algorithmic methods. In
the former, the mechanisms leading to control need to be identified a priori.
In the latter, the control mechanisms are often unidentified due to the number of
interfering pathways and the complexity of the laser fields. Approach (1) can be
further broken down into two general subgroups: phase control methods as
pioneered by Brumer and Shapiro [26] and the ‘“‘pump—dump” method of
Tannor and Rice [7, 27-29]. While all coherent-control scenarios require the
existence of multiple paths from the initial to final state, the phase-control
approach is a weak field one utilizing (usually) two paths. Control is achieved
by manipulating the relative phases and amplitudes of the two pathways. On the
other hand, the pump-dump approach envisages a pump pulse (often of
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femtosecond duration) that excites a system to an electronically excited state.
After a time delay, during which there is free evolution of the excited-state wave
packet on the potential energy surface, a dump—pulse deexcites the system back
to the ground-state surface. Control is achieved by varying the properties of the
initial excitation pulse, the time delay, and the properties of the dump pulse.
Tannor and Rice demonstrated that these laser parameters could be optimized to
maximize control objectives. The algorithmic approach is due to the extensive
work of Rabitz and co-workers [30, 31] and is based on optimal control theory,
which has been widely used in engineering applications. The theory is centered
around the definition of an “objective functional”, which has its maximum
value when the desired transformation is successfully achieved by the laser
pulse under consideration. Much of the following chapter will be directed at
discussion of this method and its application. In related work, Rabitz and co-
workers advocated the use of a ““closed-loop” or feedback process [8, 32] in
which the results of an experiment are fed back to a pulse design procedure. The
design of the laser pulse is progressively modified so as to produce an optimal
outcome. This approach has led to several successful experimental applications
[33—40] and can also, in principle, be used as a theoretical procedure for the
design of optimal laser pulses.

In Section II, the basic equations of OCT are developed using the methods of
variational calculus. Methods for solving the resulting equations are discussed
in Section III. Section IV is devoted to a discussion of the Electric Nuclear
Born—-Oppenheimer (ENBO) approximation [41, 42]. This approximation pro-
vides a practical way of including polarization effects in coherent control
calculations of molecular dynamics. In general, such effects are important as
high electric fields often occur in the laser pulses used experimentally or
predicted theoretically for such processes. The limits of validity of the ENBO
approximation are also discussed in this section.

All of the methods for designing laser pulses to achieve a desired control of a
molecular dynamical process require the solution of the time-dependent
Schrodinger equation for the system interacting with the radiation field.
Normally, this equation must be solved many times within an iterative loop.
Different possible approaches to the solution of these equations are discussed in
Section V.

Optimal control theory, as discussed in Sections II-IV, involves the
algorithmic design of laser pulses to achieve a specified control objective.
However, through the application of certain approximations, analytic methods
can be formulated and then utilized within the optimal control theory
framework to predict and interpret the laser fields required. These analytic
approaches will be discussed in Section VI.

Section VII presents a brief summary of this chapter. Technical aspects of the
necessary derivations are, in general, presented in the appendices.
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II. OPTIMAL CONTROL THEORY

A. Basic Formalism

Optimal control theory provides a formal framework for designing laser pulses to
achieve different objectives. The theory operates by defining an objective (or cost)
functional, J, which measures the success of a particular laser pulse in achieving
the assigned objective. The details of the objective functional depend on
the desired purpose of the laser pulse. The theory aims to maximize the objective
functional so as to find the optimal laser pulse for achieving the desired objective.
Thus normally a target wave function, ®, will be defined and the aim of the
optimal control procedure will be to design a laser pulse that will force the system
from its initial state [described by a wave function (¢ = 0) = ¢,] into the desired
final state at the end of the laser pulse [i.e., (r =T) = ®, where the pulse
duration lasts from # = 0 to # = T]. The principal term in the objective functional
will therefore be |(\s(z = T)|®)|?, the square of the overlap between the system
wave function at the end of the pulse and the target wave function. Following the
work of Shi and Rabitz [43]. The cost functional may be defined in the form:

o)

where ® is the target wave function, x(f) is an undetermined Lagrange
multiplier, which ensures that the time-dependent Schrddinger equation is
obeyed at all times and €(z) is the electric field at time #. In the third term, the
notation H(e(t)) indicates that the Hamiltonian depends on time through the
variation of the electric field of the laser with time.

The second term in Eq. (1) is a penalty term representing constraints on the
control field €(#) via a functional f and is extremely important in determining
the outcome of the optimization. The most common penalty term, and that first
introduced by Rabitz and co-workers [41], is

Fle(®)] = Pe(o)* (2)

where B is a constant penalty parameter set to provide constraints on the total
laser fluence, jo dt If it is desired to constrain the total pulse energy, the
penalty term may be written in the form fle(r)] = Ble(r)* — E] where E is a
constant and B is a Lagrange multiplier rather than a constant [1, 29]. An
alternative penalty term for the laser fluence has also been utilized:

Fle(®)] = pe(n)* (3)

T

J = (1) @) ~ Jof[ﬁ(t)]dt - 2§R{JO dr (x(1)
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where B is a constant. This alternate form was chosen to account for effects of
molecular polarizability (see discussion in Appendix A).

Other forms of the objective functional have also been utilized. Zhu and
Rabitz have formulated expressions [44, 45] for the more general problem of
achieving quantum control over the expectation value of a positive
definite operator, that is, a physical observable. Ohtsuki et al. [46] have
extended the formalism to apply to multiple targets beyond population transfer
to a single state, that is, beyond |(\(r = T)|®)|*. Tesch and de Vivie-Riedle
generalized the optimal control algorithm in order to find the optimized field for
simultaneously steering a set of initial states to a set of final states [47]. Such a
generalization has direct applicability to molecular quantum computing
[47-54]. Xu and co-workers formulated the optimal control problem for
dissipative non-Markovian systems [55]. Optimal control schemes for time-
dependent targets are presented in Refs. [56-59].

In Appendix A, we follow the derivation of Shi and Rabitz and carry out the
functional variation of the objective functional [Eq. (1)] so as to obtain the
equations that must be obeyed by the wave function (\(z)), the undetermined
Lagrange multiplier (y(¢)), and the electric field (e(z)). Since the results
discussed in Section IV.B focus on controlled excitation of H,, where molecular
polarizability must be considered, the penalty term given by Eq. (3) is used and
the equations that must be obeyed by these functions are (see Appendix A for a
detailed derivation):

B0 = HEO0: 90) = o (4)
o) = A (T) = (@) (4)
et = 1m0 5 o) (4)

Equation (4.a) states that the wave function \(¢) must obey the time-dependent
Schrédinger equation with initial condition (¢ = 0) = ¢,. Equation (4.b) states
that the undetermined Lagrange multiplier, y(¢), must obey the time-dependent
Schrédinger equation with the boundary condition that x(7) = (®|\(T))P at the
end of the pulse, that is at = 7. As this boundary condition is given at the end of
the pulse, we must integrate the Schrédinger equation backward in time to find
%(2). The final of the three equations, Eq. (4.c), is really an equation for the time-
dependent electric field, €(z).

Equation (4.c) is discussed in Appendix A. For a symmetric molecule that
does not possess a dipole moment and interacts with the electric field of the
laser pulse through its polarizability, the choice of the penalty function for the
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fluence [—BfOT dte(1)*] in Eq. (1) is the appropriate choice. For such a system,
the customary choice of penalty function (—f foT die(t)?) does not lead to an
equation for determining the electric field, see Appendix A [Eq. (A-20)] for
details.

B. Additional Restrictions on Laser Pulse

In early work in the optimal control theory design of laser fields to achieve
desired transformations, the optimal control equations were solved directly,
without constraints other than those imposed implicitly by the inclusion of a
penalty term on the laser fluence [see Eq. (1)]. This inevitably led to laser fields
that suddenly increased from very small to large values near the start of the laser
pulse. However, physically realistic laser fields should turn-on and -off smoothly.
Therefore, during the optimization the field is not allowed to vary freely but is
rather expressed in the form [60]:

e(r) = s(r) eo(1) (5)

where s(¢) is a pulse envelope function. The pulse envelope, s(7), is kept fixed
thus forcing the laser field to go to zero at the beginning and the end of the pulse
and only the residual field €y(¢) is varied so as to maximize the objective
functional [41, 42, 60-62]. Two different forms of the envelope are often
considered: a sine-squared pulse or a Gaussian pulse. The sin® pulse has the
form:

s(t) = sin*(nmt/T) (6)

where the pulse lasts from # = 0 to t = T and n corresponds to the number of
maxima in the pulse envelope (normally chosen to be 1). The choice of a
Gaussian function centered at the mid-point of the pulse [62] has the slight
disadvantage that the field does not go strictly to zero before and after the pulse.
However, it has the advantage that it corresponds more closely to an
experimentally realizable form.

Another restriction we may often wish to place on the laser pulse is to limit
the frequency range of the electric field in the pulse. One method that has been
used to accomplish this is simply to eliminate frequency components of the field
that lie outside a specified range [63]. Another possibility is to use a frequency
filter, such as the twentieth-order Butterworth bandpass filter [64], which is a
smoother way of imposing basically the same restrictions [41, 42]. In order to
impose such restrictions on the frequency content of the pulse, the time-
dependent electric field of the laser pulse must be Fourier transformed so as to
obtain its frequency spectrum. After the frequency spectrum of the laser pulse
has been passed through the filter, it is back transformed to yield back a



OPTIMAL CONTROL THEORY 49

modified time-dependent electric laser field (see Section III.A below for further
details).

As has often been noted [60] the designed laser pulses, which result from an
optimal control theory calculation, are generally quite complex and this is an
impediment to their experimental realization. It may therefore be desirable to
simplify the frequency spectrum of the pulse, which may be done by reducing or
eliminating the contributions from frequencies that occur only with a small
amplitude. This procedure has been called “‘sifting” [42]. If d(®) is the Fourier
transform of the electric field increment to be added to the old or previous
electric field at some particular iteration, then we wish to multiply the largest
value of d(®) by 1.0 and all other components by smaller numbers to reduce
their significance. This may be done in many ways, but one sifting function that
has been applied is

dren(®) =3 {1+t 220 (a0 - 22) | bt )

max

where doja(®) is the Fourier transform of the electric field increment to be added
to the old or previous electric field, and dyax 1s the maximum amplitude for all ®
of this function.

Other methods for imposing constraints on the frequency components of the
optimized pulses have also been considered in the literature. A subspace
projection method was developed by de Vivie-Riedle and co-workers to reduce
the spectral complexity of the final field from the OCT algorithm [65]. They
have also designed an alternate form of the objective functional that allows for
large values of the penalty parameter B, [see Eq. (2)], which leads to spectrally
simple pulses. Two experimental methods implemented within the closed-loop
algorithm for reducing spectral complexity are also worth noting: a simple
reduction in the number of adjustable parameters [66] and control pulse
cleaning [67], where genetic pressure is applied on spectral components to
reduce complexity. The imposition of the constraint on frequency content is
again discussed in Section III as it is imposed in conjunction with the iterative
solution of the OCT equations [Eq. (4)].

The main mechanism for restricting the magnitude of the electric field of the
laser pulse is through the second term in Eq. (1), which is a penalty term
specifically to address this point. In some cases, it may be desirable to further
guarantee that the field does not exceed some specified limits. In this case,
various restrictions may be placed on the variation of the electric field strength
during the iterative solution of Eq. (4). One method for imposing these
restrictions is discussed briefly in Section III [see Eqgs. (13) and (14) and the
accompanying discussion]. Shen and Rabitz [68] showed that explicit
restrictions on the maximum field amplitude can be applied through alternate
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definitions of the cost functional, Eq. (1). More recently, Farnum and Mazziotti
[69] introduced a trigonometric mapping into the standard optimal control
scheme to restrict the maximum field strength explicitly rather than indirectly
through limiting the field energy with a penalty term of the form given by
Eq. (2).

An alternate method for introducing pulse restrictions has been introduced by
one of us (AB) recently within an iterative scheme for solving the optimal
control equations [70]. The idea is that a new reference field €(¢) is constructed
based on the field from the previous iteration after the application of a filter
function F to ensure the fulfilment of some predesigned temporal and spectral
properties. Therefore, a penalty term of the form

Fle()] = Ble(t) — ewr(1))? (3)

is utilized where €¢(?) is the filtered field obtained in a previous iteration (see
Section III.B for a discussion of iterative methods for solving the optimal control
problem). The utility of the method has been demonstrated by applying both
constraints on the spectral bandwidth and on the maximum field amplitude [70],
although more sophisticated filters could also be applied. A similar method was
also introduced by Werschnik and Gross [71].

Rather than applying constraints on an optimized pulse, one can a priori
choose a fixed form for the laser field described by multiple parameters, for
example, amplitudes, frequencies, and phases, and then optimize this set of
variables for achieving the desired objective. Then one must perform a multi-
parameter optimization or search, which is the basis of the closed-loop experi-
ments[8, 22, 23, 32, 39, 40]. Several different approaches have been utilized
for finding the optimized fields: conjugate gradient methods [72]; simu-
lated annealing [73]; and, now most widely used, genetic algorithms [74-77].
An interesting discussion comparing pulses determined using optimal
control algorithms versus parameter space searching is given in Ref. [78].
We will not discuss OCT methods using such fixed-form fields further in this
chapter.

C. Photodissociation

The problem of controlling the outcome of photodissociation processes has been
considered by many authors [63, 79-87]. The basic theory is derived in detail in
Appendix B. Our set objective in this application is to maximize the flux of
dissociation products in a chosen exit channel or final quantum state. The theory
differs from that set out in Appendix A in that the final state is a continuum or
dissociative state and that there is a continuous range of possible energies (i.e.,
quantum states) available to the system. The equations derived for this case are
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[see Appendix B Eq. (B.18)]:

i) = YD), b(0) = 6, (%)
ih o) = Fiyle) — ARG, 1(T) =0 (9)
€(1) = = g Im (LOlV(0) (%)

Here, we have considered the case where the interaction of the system with the
light is mediated through a dipole operator. Several electronic states of the
system may be involved and the wave functions are generalized to column
vectors each of whose components correspond to a nuclear wave function
associated with a different electronic state of the system. The matrices H , A, F s
and p similarly have diagonal terms that are associated with a single electronic
state and off-diagonal terms that couple different electronic states. A is a
diagonal matrix whose elements allow us to choose which dissociation channels
we wish to target for optimization. As with all numerical photodissociation
calculations, the wave function must be absorbed at the edge of the finite
grid. This is normally achieved through the use of a complex absorbing potential
[88-91].

III. METHODS FOR SOLVING THE OPTIMAL
CONTROL PROBLEM

The solution of the coupled equations, Eq. (4.a—4.c), must of necessity be
performed in an iterative manner, as knowledge of the electric field, €(), is
needed to solve the time-dependent Schrdinger equations and to determine (?)
and y(¢), but it is €(z) which we vary in order to maximize J. Another way of
viewing the problem is that the field strength €(¢), which maximizes J, depends
on (¢) and y(¢) through Eq. (4.c). The most straightforward approach to the
iterative solution of Egs. (4.a—c) is to first guess an initial time-dependent laser
field. Having specified an initial guess to the time-dependent electric field of the
laser pulse, the time-dependent Schrodinger equation, Eq. (4.a) must be solved
with the initial boundary condition that the wave function be equal to the
specified initial wave function of the system, ¢;, before the laser pulse. After
solving this equation, we will know the wave function of the system at the end of
the laser pulse (\(7T')) and we will be in a position to calculate the space integral
(®|\(T)), where P is the wave function of our target state. We can now solve the
equation for the undetermined Lagrange multiplier, ¥ (), that is, Eq. (4.b). This
equation must be solved backward in time, starting with the boundary condition
atr =T of x(T) = (®|Y(T))P. Having obtained both \(¢) and y(7) we can now
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calculate a new time-dependent laser field using Eq. (4.c) [see also Eq. (A-16) and
the associated discussion]. This now constitutes a self-consistent loop. Having
obtained a new electric field, we repeat the whole procedure again starting with
the solution of Eq. (4.a) for y(¢) and this is repeated until the changes in the
objective functional J (arising from the variation of the time-dependent electric
field) are smaller than some preassigned threshold. While this approach is
straightforward, in general it converges very slowly, if at all, to the optimal
solution [92, 93]. In Section III.B we discuss various more recently devised
iterative methods that exhibit improved convergence properties [56, 81, 92-94].

An alternative to such an iterative approach is to attempt to optimze the
objective functional J directly. Such techniques work best if the derivative of
the functional with respect to the variable is known. In our case, we split the
time duration of the pulse into small increments, 8z. The field strength is taken
as constant during each of these increments. In Appendix C, we derive an
expression for the derivative of the objective functional with respect to the
electric field strength during the ith time interval [41, 42]. With a knowledge of
\r(r) and y(¢) we can evaluate the derivative of the objective functional in the ith
time interval. Knowing this derivative we can apply standard optimization
techniques, such as steepest descent or conjugate gradient [95] to find the field
parameters that maximize the objective functional [96-99].

A. Conjugate Gradient Method

With the objective functional, J, being defined as in Eq. (1) and using the penalty
term f[e(t)] = Pe*(¢), the gradient of the objective functional with respect to
variation of € at time # is given by (see Appendix C):

k 3
#0) = s = s[4 plet )2 im0 ZEED )] 1)

where the superscript k indicates the iteration number in the optimization cycle.
Using Eq. (10), the Polak—Ribiere—Polyak [100] search direction can be
calculated as:

d“(1;) = g" () + ¢*d* (1) (11)
where
> gk(fj)r(gk(fj) &' (1)
> 81 ¢ ()

k=2,3,...,d"(t,) = g'(t;), ¢* is the conjugate gradient update parameter
and the summation is over all time intervals. A line search is then performed

¢t =

(12)
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along this direction to determine the maximum value of the objective
functional.

There are different variants of the conjugate gradient method each of which
corresponds to a different choice of the update parameter ¢*. Some of these
different methods and their convergence properties are discussed in Appendix D.
The time has been discretized into N time steps (f; =i x 6t where
i=0,1,--- N — 1) and the parameter space that is being searched in order to
maximize the value of the objective functional is composed of the values of the
electric field strength in each of the time intervals.

Although the overall cost of the conjugate gradient algorithm may be higher
than that of some of the iterative algorithms described in Section II.B, the
algorithm allows us easily to restrict the spectral and temporal structure of
optimal pulses and enables us to incorporate the exact form of the laser—
molecule interactions.

We now discuss the imposition of an additional restriction on the magnitude of
the electric field strength and also the restriction of the frequency content of the
laser pulse. These items are discussed here (rather than in Section I1.B) as they are
generally implemented during the line search stage of the conjugate gradient
maximization of the objective functional, although they may be imposed on the
electric field at other stages of the optimization process.

The penalty function for the laser fluence, which gives rise to the term
involving B in Eq. (10), acts to limit the magnitude of the electric field to within
physically acceptable limits. In order to further limit the field strength the search
direction d*(t;) is projected as follows [101]:

d,(1:) = P(eg(11) +d"(11)) — g (1) (13)
Here, the projector P(x) is defined as:

P(x) = sign(x) Xjim if x| > Xiim (14)
P(x) =x if X € [—Xiim, Xiim)

where xjj, 1S some number € .

Straightforward application of OCT as described above often results in a
quite complicated pulse shapes and may especially introduce some high
frequency components, which are difficult to realize experimentally, into the
pulse. It is thus highly desirable to find an optimized pulse with spectral
components within a predefined frequency range. With this end in view the
projected search direction is subjected to a spectral filter

3 (r) = Jh(w)Fm[d;(t)]e—fwfdw (15)
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where F, [d’;(t)] is the Fourier component at frequency ® and k() is a spectral
filtering function. One possible form of filter function is the twentieth-order
Butterworth bandpass filter [64], in which an upper (®;) and a lower (®,) bounds
of the frequency window are defined

o (@@ o

in order to restrict the frequency components of the electric field to a predefined
range [63]. The time-dependent electric field for the next iteration in the
optimization cycle is given by

€k+1(l,‘) = Gk(t[) + )\,S([i)d[];([,') (17)

where d[’j(t,») is the projected and frequency filtered search direction and A is
determined by the line search.

B. Iterative Methods

One of the most used iterative algorithms was suggested by Rabitz and others
[44, 45, 92] and may be considered to be an extension of an algorithm due to
Tannor et al. [81, 93]. Both formulations share a common property: that at each
iteration they are guaranteed to increase the magnitude of the objective
functional. Later Maday and Turinici [94] presented a unified framework for
the monotonically convergent algorithms that contains, as particular cases, the
two classical methods cited above. This class of algorithms was reported to
converge much faster than gradient-type methods and also to be relatively
insensitive to the initially guessed pulse.

To improve the convergence of the gradient-type method, Tannor et al.
[81, 93] suggested employing the Krotov iteration method [102]. In formulating
their method, they utilize a penalty function of the form f[e()] = Be?(z).
In Tannor’s Krotov method, the kth iteration step of the solution process is
given by

M§V@=WVfWNW%% VH(0) = o, (18.0)

(1) = — - Im (" (1) [V (1) (18.b)
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The coupled Egs. (18.a and b) may be solved by propagating the nonlinear
equation,

ih%‘lfk() Ho+élm< HORWVE@R| V@), VEE=0) = ¢

(19)

This equation is obtained by substituting Eq. (18.b) into Eq. (18.a). The
difference between the Krotov method and the straightforward iterative approach
lies in the details of how the electric field term, (1) = — gz Im(x*~' (1) MAG)E
is computed at each iteration. This is discussed in more detail in Appendix E. The
key aspect of the method resides in the fact that the electric field is updated as
soon as possible in the iterative process for the solution of the time-dependent
Schrodinger equation Eq. (18.a) or (19). Thus, if a first-order method is used for
the solution of these equations, then the electric field, €*(t = 1) needed to
propagate the solution from ¢ =t; to t = t;;1 is computed using x*~'(¢;) and
\|Jk(t,~) (which has just been computed in the preceding time step). In the more
straightforward method, the electric field would have been precomputed using
¥~ (1), which is known from the preceding iteration.

It was reported that the convergence of the Krotov iteration method [81, 93]
was four or five times faster than that of the gradient-type methods. The
formulation of Rabitz and others, [44, 45, 92], designed to improve the
convergence of the above algorithm, introduces a further nonlinear propagation
step into the adjoint equation (i.e., the equation for the undetermined Lagrange
multiplier (¢)) and is expressed as

) = (o~ SOV, V) = &, (20.)
(1) = =g Iml (A ) (20,)
o) = (w00, AT = (@AIT)e (200)
(1) = — gm0 1) (20.4)

The similarity between the two algorithms inspired the work of Maday and
Turinici [94]. They clarified the relationships between them and presented an
unified formulation. In the formulation of Maday and Turinici [94], the iteration
scheme is written as:

lh \lf (1) = (Ho — ' ¥ (r),  VH(0) = ¢ (2l.a)
() = (1 - 8)e () - %Im@k’l(t)lulllfk(t» (21.b)
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o) = ()0, AT = (@A) (2Le)

() = (1-m)e"(n) —%Imuk(t)\ulllfk(f» (21.d)

It can be seen that the algorithm of Rabitz et al. [44, 45, 92] corresponds to
(=1, n=1) and that the algorithm of Tannor et al. [81, 93] is given by
(6 =1, n =0). In Appendix F, we follow the proof used in Ref. [94] and show
that the iteration procedure laid out in Egs. (21.a—d) is guaranteed to converge.

It was observed that the Krotov method (6 = 1 and 1} = 0) usually achieves
its convergence limit [moderately accurate J(ek™!) —J(et) < 107* or 1077]
with a smaller number of iteration steps in comparison with the algorithm of
Rabitz et al. [44, 45,92] (8 = 1 and n = 1) (see Refs. [94, 56, and 103]). On the
other hand, the algorithm of Rabitz et al. [44, 45, 92] may achieve high
accuracy, for example, J(e*1) — J(ek) < 10719, Tt was also observed that the
case of (0 =0.5 and n = 0) exhibited faster convergence than the Krotov
method in certain cases. The optimal choice of 6 and m for achieving fast
convergence depends on the molecular system and also the stage of
optimization (the choice may be changed during the course of an optimisation).
A procedure was established for the choice of “good” parameters [56, 103].

Note that the iterative algorithms given above rely on the fact that (1) the
interaction of the molecule with the laser is treated within the electric dipole
approximation; and (2) that the penalty term is defined as f[e(¢)] = Be>(t).
Recently, Salomon et al. [104] extended the monotonically convergent
algorithms to incorporate dipole polarization. For the high field strengths,
which occur in many experiments, significant high order interaction terms in the
laser field—molecule interaction may need to be considered. In this case, the
laser—molecule interaction may not be known analytically, and it may not be
possible to establish an iterative scheme. In such a case, a gradient-type method
may have to be used.

IV. THE ELECTRIC NUCLEAR BORN-OPPENHEIMER
APPROXIMATION

Many of the initial theoretical models used to validate the concept of coherent
control and optimal control have been based on the interaction of the electric
field of the laser light with a molecular dipole moment [43, 60, 105]. This
represents just the first, or lowest, term in the expression for the interaction of an
electric field with a molecule. Many of the successful optimal control
experiments have used electric fields that are capable of ionizing the molecules
and involve the use of electric field strengths that lead to major distortions of the
molecular electronic structure. With this in mind, there has been discussion in the
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literature of methods suitable for modeling the interaction of molecules with
such strong laser fields [41, 42, 106] and also with time-dependent strong laser
fields [107-113]. In this section, we discuss an approach that takes account of the
distortion of the molecular electron density by the electric field of the laser light.

The approach has been called the ENBO approximation [41, 42]. It uses the
concept of an electronically adiabatic electronic state [106, 114, 115]. The
assumption is made that the electrons can react instantaneously to the ““slow”
changes of the electric field of the laser light, as well as to the changes in
nuclear geometry. This is therefore a generalization of the Born—Oppenheimer
approximation [116] to include the electric field strength and direction, as well
as the nuclear coordinates, as parametric, slowly varying variables in the
electronic wave function. By using this approach, the electronic wave function
and the electronic energy depend on the fixed values of the nuclear geometry
and the static electric field strength and direction for which they have been
evaluated. The evaluation of these quantities requires no new electronic
structure codes, as nearly all available codes can compute the electronic wave
function, at several sophisticated levels of theory, in the presence of a static
electric field [117-121]. The electronic energy, which results from solving the
electric field-dependent electronic Schrodinger equation, may be written in the
form V(R,€). This electronic energy is then taken to act as the potential that
governs the motion of the nuclei in the subsequent dynamics.

As with all adiabatic theories, the electronically adiabatic wave functions
may be used as a basis set to describe the exact wave function of the system
even in situations where transitions between different adiabatic electronic states
occur. This provides an accurate way of testing the validity of using the ENBO
approximation, in which it is assumed that the system will remain throughout in
its lowest adiabatic electronic state. The ENBO approximation has been applied
to several calculations involving vibrational and rotational excitation of the H;
[41, 42, 61, 62] and HF molecules [122]. As dihydrogen (H,) is a homonuclear
diatomic molecule it does not, by symmetry, possess any dipole moment. So
previous treatments, which took account only of the electric field—dipole
moment interaction term, are inapplicable in this case. For an electric field
strength of 2.06 x 108 Vem™! (5.6 x 10 W em™2) and a frequency of
2.63 x 10" s7! it has been shown [41] that a laser pulse of 1.55 ps will excite
at most 0.02% of the H, molecules out of their lowest adiabatic electronic state.
For frequencies and field strengths below these values, the ENBO approxima-
tion may therefore be used in its simplest form (i.e., without accounting for
electronically nonadiabatic processes). These findings agree qualitatively with
other estimates based on theoretically computed ionization rates. Based on the
findings of Usachenko and Chu [123] a laser pulse of 1.5 ps duration and having
an intensity of 5.6 x 10" W cm~? with a frequency of 5.8 x 10" s~ would
ionize 0.6% of a sample of H, and up to 3% of a sample of N, molecules.
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Below we give a brief theoretical overview of the ENBO approximation. The
derivation follows closely that given in Ref. [41] and serves to make clear the
approximations inherent in the method.

A. Theoretical Formulation

Treating the radiation in the semiclassical dipole approximation, the Hamilto-
nian operator in the presence of an electric field €(¢) may be written in atomic
units as:

Hial (1, R, €(1)) = Thu(R) + He (r; R, €(2)) (21)

where r represents the electronic coordinates and R the nuclear coordinates.
The electronic Hamiltonian is

2

e
el(r R 6 Z Z4TEEQR0(1 24n€0rij

ZyZ,
+ {Zri - ZZaRa} () + ) 4mj‘01§ (22)
i o a<B op

and the nuclear kinetic energy operator is
Tou(R) = hzz Lo (23)
" 2 — M, R

where Rw‘ = |R@ — I'l'|, ri= |l'j
nuclear masses.

This treatment differs from the usual approach to molecule—radiation inter-
action through the inclusion of the contribution from the electric field from the
beginning and by not treating it as a perturbation to the field free situation. The
notation H (r;R,€(r)) makes the parametric dependence of the electronic
Hamiltonian on the nuclear coordinates and on the electric field explicit.

The full time-dependent Schrodinger equation may be written as

il % U(r,R,7;€(r)) = How (r, R, €(2)) U(r, R, 1; (1)) (24)

The adiabatic electronic potential energy surfaces (a function of both nuclear
geometry and electric field) are obtained by solving the following electronic
eigenvalue equation

I:]el(r; R7€<t)) (bk(r; R,G(l)) = Ek<R7 €(l)) (I)k(r; R7 G(l)) (25)



OPTIMAL CONTROL THEORY 59

where Ei (R, €(¢)) are the desired adiabatic electronic potential energy surfaces.
The notation Ej (R, €(¢)) makes clear that the surface depends parametrically on
both the nuclear coordinates and on the electric field. It depends indirectly on
time through the electric field.

The time-dependent wave function, ¥(r, R, #; €(¢)), can be expanded in terms
of the field-dependent adiabatic electronic eigenfunctions of Eq. (25):

U(r,R, 1€t Z\pk (R, 1) &, (r; R, (1)) (26)

Substituting the expansion in Eq. (26) into the time-dependent Schrdodinger
equation Eq. (24) we obtain

—Z{Ek DR, 1) + [T (RN (R, 1)] (27)
+ U (R, 1) T (R) } by (15 R, (1))
Multiplying on the left by ¢F(r;R,€(r)), integrating over the electronic

coordinates and using the orthonormality of the adiabatic electronic wave
functions of Eq. (25) we obtain

o D S90S R )R
k
— {Tna(R) + Eo(R, (1) Hy (R, 1) o)
- ggzm{kzma,ew VR (R 1)
+ 1) (Ro €(0)) Ve (R, 1)}
where
) (R, (1)) = Jdr &7 (1R, €(1)) T, b (1 R, €(1)) (29)
and

@2 (Ry, €(r)) = Jdr &1 (1 R €(1)) V3, by (rs R, €(r)) (30)
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are the usual field-free nonadiabatic coupling matrices of the first (vector) and
second (scalar) kind, respectively, [124] whereas

Ty (R,e(1) = Jdl‘ b7 (r; R, €(1)) Vedy (r; R, €(1)) (31)

is the nonadiabatic (vector) coupling matrix of the third kind due to the external
electric field €(z).

Equation (28) is the set of exact coupled differential equations that must be
solved for the nuclear wave functions in the presence of the time-varying
electric field. In the spirit of the Born—Oppenheimer approximation, the ENBO
approximation assumes that the electronic wave functions can respond
immediately to changes in the nuclear geometry and to changes in the electric
field and that we can consequently ignore the coupling terms containing
ré,lc) (Ry, €(2)), rﬁ) (Ry, €(2)), and réz) (R, €(?)). The equation for the nuclear wave
function then reduces to

. OY(R,t .

in VRO 7 R) 4 VR0 (R (32)
where, for simplicity, the subscript on the nuclear wave function has been
omitted. It is assumed that the electronic state corresponds to the lowest adiabatic
electronic state and the ground state electronic potential energy surface has been

renamed as V(R, e(¢)):
V(R €(r)) = Eo(R,€(1)) (33)

Equation (32) is the working equation that is used in the optimal control
applications using the ENBO approximation. Further details of the theory are
given in Ref. [41].

B. Illustrative Examples

In this section, we provide some examples of optimal control theory calculations
using the ENBO approximation. The reader is referred to Ref. [42], from where
all the examples are taken, for further details.

Figure 1 shows the results of an OCT calculation for the molecular
vibrational excitation process Hy(v = 0,j = 0) — Hy(v' = 1,/ = 0). Panel (a)

>

Figure 1 (a) The optimized electric field as a function of time for the H,(v =0, j=0) —
Hy(V =1, = 0) excitation. (b) Absolute value of the Fourier transform of the optimized electric
field. (c) The change in populations of the ground state and target excited state shown as a function
of time. Taken from Ref. [24] with permission from Qinghua Ren, Gabriel G. Balint-Kurti, Frederick
R. Manby, Maxim Artamonov, Tak-San Ho, and Herschel Rabitz, J. Chem. Phys. 124, 014111
(2006). Copyright 2006, American Institute of Physics.
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shows the electric field of the optimized laser pulse. The envelope of the
initially guessed pulse had a sin?> shape with a single maximum. The
optimization process, and in particular the effect of the penalty term, has
resulted in an optimized pulse that shows a rapid build up of the magnitude of
the electric field followed by a long plateau in this magnitude. By a suitable
choice of the fluence penalty term [see Eqgs. (1) and (3)] the magnitude of the
electric field has been constrained always to be smaller than that which might
lead to ionization or to electronic excitation. Panel (b) shows the frequency
spectrum of the optimized laser pulse. It contains just two main frequencies as
compared with the initially guessed pulse that contained only the lower of these
two frequencies. The lower frequency corresponds to excitation via a two
photon process, while the higher frequency corresponds to a Raman processes.
Direct one photon vibrational excitation is not allowed in this case as the
molecule is homonuclear and does not possess a dipole moment. Panel (c)
shows the change in population of the (v =0,j=0) and the (v=1,j=0)
quantum levels as a function of time during the laser pulse.

Figure 2 shows the OCT results for the rotational excitation process
Hy(v =0,j =0) — Ha(v' = 0,7 = 2). The initial guessed laser field for this
processes involved two frequencies and the beating of these two frequencies
resulted in a pulsed structure for the electric field. The resulting optimized
electric field is shown in the top panel of the figure. It retains the pulsed shape of
the initial guessed field but, as in the case of the vibrational excitation process
(Fig. 1), the maximum field strength quickly reaches a plateau rather than
following the sin® shape of the guessed field. The frequency spectrum of the
optimized laser pulse, shown in the central panel, is now much more
complicated than before and the population~time graph (bottom panel) has a
stepped character, reflecting the pulsed nature of the electric field.

Figure 3 demonstrates the simplifications in the spectrum of an optimized
laser pulse that can be achieved through the application of the sifting technique
[see Eq. (7)]. The excitation efficiency of the pulse is only minimally reduced
due to the additional restrictions imposed in the sifting procedure. The example
used in this case is for a vibrational-rotational excitation process,
H(v=0,j=0) - H,(V =1,/ =2).

>

Figure 2 (a) The optimized electric field as a function of time for the Hy(v =0, =0) —
Hy (V' =0,/ = 2) rotational excitation process. (b) Absolute value of the Fourier transform of the
optimized electric field. (c) The change in populations of the ground-and target excited-state shown
as a function of time. Taken from Ref. [24] with permission from Qinghua Ren, Gabriel G. Balint-
Kaurti, Frederick R. Manby, Maxim Artamonov, Tak-San Ho, and Herschel Rabitz, J. Chem. Phys.
124, 014111 (2006). Copyright 2006, American Institute of Physics.
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Figure 3 Frequency spectra for the optimized electric field corresponding to the excitation
process Ho(v = 0,j = 0) — H, (V' = 1,/ = 2). (a) without frequency sifting and (b) using frequency
sifting [see Eq. (7)].

V. SOLUTION OF TIME-DEPENDENT
SCHRODINGER EQUATION

The application of OCT requires the repeated solution of the time-dependent
Schrodinger equation [see Egs. (4.a, b)]. Our ability to solve this equation is
therefore central to the application of the theory. If the Hamiltonian is
independent of time, then the formal solution to the time-dependent Schrodinger
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equation can be written in the form:

V(1) = e /(1 = 0) (34)

Clearly, in OCT the Hamiltonian is intrinsically time dependent and
this form of the solution is not valid for large ¢ values. We can, however, use
the formula to propagate the wave function forward by a small time interval
ot.

U(t+ 8t) = e HO3/my(p) (35)

The short-time propagator U(8¢) = e~ HW3/h hecomes progressively more valid
the smaller the time step ot.

A very large number of papers have been written on the solution of the
time-dependent Schrodinger equation [125-134]. Of particular interest is a
multi author collaborative paper (Ref. [130]) that compares several different
methods. While this paper, in common with the majority of others, concentrates
mainly on situations where the Hamiltonian is independent of time, it does
consider time-dependent Hamiltonians as well. It concludes that for time-
independent Hamiltonians the Chebyshev polynomial expansion method [128,
129] should be the method of choice and that for time-dependent Hamiltonians,
as occur in OCT, the short iterative Lanczos propagation method [130] should
be used. Despite this recommendation, the most commonly used methods for
solving the time-dependent Schrodinger equation in OCT applications are the
split-operator method of Feit and Fleck [125-127] or an expansion of the wave
function, and indirectly therefore of the time-evolution operator U (¢), in terms
of the eigenfunctions of the isolated molecular Hamiltonian—see, however, Ref.
[135] where Farnum and Mazziotti discuss a spectral difference Lanczos
method for OCT problems. Kono et al. [134] compared various methods of
solving the the time-dependent Schrodinger equation where the full electronic
Hamiltonian is taken into account, including the various Coulomb interactions.
Such Hamiltonians are needed for field strengths or frequencies higher
than those on which we are concentrating in this chapter. One of the difficulties
to be overcome is to have a suitable approach for treating optimal control
problems in polyatomic (multidimensional) systems. To that end, both the time-
dependent Hartree approach [136] and the multiconfigurational time-dependent
Hartree approach [137] have been applied to OCT calculations for quantum
dynamics.

The following two sections present a brief overview of the split-operator
method, as used in several recent applications [41, 42, 61, 62], and of the basis
set expansion approach.
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A. The Split-Operator Fourier Grid Method

This section outlines one possible numerical procedure for solving the
time-dependent Schrddinger equation. An important aspect of the efficient
implementation of the split-operator method is that it should go hand in hand
with a grid representation of the wave function. Such grid representations were
first popularized in this field by Light and co-workers [138]. In these methods,
there is a one-to-one correspondence between the grid points and an orthonormal
basis set. The representation of the wave function in terms of the grid points is
termed the Discrete Variable Representation (DVR) and that in terms of the basis
functions is called the Finite Basis Representation (FBR). There is a simple
transformation of the wave function between the two bases using a unitary
matrix. The key step in any quantum mechanical time-propagation procedure
involves the action of Hamiltonian operator on the wave function. The utility of
the dual DVR-FBR representation is that the FBR representation is chosen so
that the kinetic energy operator should be local in this representation while the
potential energy is always local in the DVR representation. Below we outline the
application of these ideas to a one-dimensional (1D) system involving a radial
coordinate [125—129]. Similar representations are available also for angular grids
[138-141].

The transformations connecting the coordinate-space wave function, y(R), to
the momentum-space wave function, " (k), are

VA (k) =\/L2‘j exp(—ikR)W(R)dR (36)
and
| (k=kme
V(R) :FJ exp(ikR)V () dk (37)

The coordinate grid is defined as [95]:
Ri=Ry+idR; i=0,....N—1 (38)

where 8R = L/N and L is the length of the 1D grid. The grid representation of the
wave function is written as:
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The normalization condition can therefore be written as Y, [\;|* = 1. As we
have used an evenly spaced grid, the corresponding finite basis representation is
the set of linear momentum eigenfunctions exp(ikR). Because the spatial grid
consists of N spatial grid points, the conjugate grid in momentum space is also
composed of N discrete points. The largest possible wavelength on the grid is
Amax = L. As the momentum is related to the wavelength by k = (2m)/\; the
increment on the discretized momentum grid is 0k = (27) /Amax = (27)/L (see
Ref. [95]). The discrete grid in momentum space is therefore:

ke = kmin + £ 0k

N 2 (40)
A L N
L L
The discretized momentum-space wave function corresponding to a
momentum of k,7 is denoted by \JJIE As with the discretized spatial wave
function [Eq. (37)], the discretized momentum wave functions are also
normalized so that 3, V4> = 1 (i.e., Y& = V¥ (k,) V/5k).

The wave function in momentum space is given by the Fourier transform of

the coordinate-space wave function

i=N-1
\Ilk(k/) = L exp(—ikgRi) \l!l\/ﬁ
2n ‘=5
y 1 (41)
e

exp(ik;R;) s (43)
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We now express the Hamiltonian operator as a sum of kinetic and potential
energy operators, H(t) = T + V(¢), and rewrite the short-time propagator [see
Eq. (35) and also Ref. [92]] in the form:

0(6[) — e—ilil(r)ﬁt/h

VU (44)
— e—zTbt/2he—zV(z+bz/2)bt/he—szt/ZE

This expansmn of the propagator is not completely valid as the kinetic
energy, T ~ aaRZ’ and potential energy , V( ), operators do not commute. The
way in which we have split the operators up, with the potential energy term in
the middle, is referred to as the potential energy referenced split operator
method [132, 142]. The method has been shown to have an error, arising from
the noncommutation of the kinetic energy and potential energy operators,
depending on the third power of the time interval ot [127, 143].

The application of the kinetic energy part of the short-time propagator
proceeds as follows:

&r = le T (R) gy, VOR (45)
By substituting for () using Eq. (37), we obtain

B 1 k=kmax

Cbi — e*tTSt/Zh J

- k
_ Vi dk exp(ikR) s (k)} VR

R=R;

M 1 Jk—kmax 7728 .
= |— dk e T2 exp(ikR) V¥ (k VR
LV 2T J k=kpmin WkR) ¥ (E) R=R;

_\/ : J o —ikhd .
= |— dk e *N M exp(ikR) VK (k)| VR (46)
LV 2T Ji=kiin R=R;

By using Eq. (36) to substitute for \*(k) we obtain

- 8-
a

V2T S k=t

1 k=Fkmax o
¢; = {J dk e/ exp(ikR)
R'=0

JR’L dR' exp(—ikR') \I/(R’)} VoR

R=R;

ks , R’:L
_ \/IQ;JH( dk o~ 3t/4 exp(ikR;) {\/__J R' exp(— ikR/)\l,(R/)} VOR

(47)
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Now replacing the continuous integral (or Fourier transform) in the square
brackets by discrete Fourier transforms as in Egs. (41) we obtain

1 k=Kmax 1 J=N— 1
o, = —J dk e exp(ikR;) exp(—ikR;) V;
sl [ % oo v
1 [F=Fms L j=N—1
= Z—J dk e * T4 oxp (ikR;) exp(—ikR;) ;| OR (48)
T J ke=kimin =0

Now discretizing the integral over k we obtain

1 s i J=N1
b = 5 Sk ¢~ KM/ 4 oxp (ik,R;) exp(—ikeR;) ;| R
=0 Jj=0
12nL'S K2hidt /4 Eol
-~ e ! H eXp(lkpR ) CXP(—ikéRj) \l" (49)
2n L N =0 !
1 (=N—-1 oy 1 J=N—-1
- e KM ox i (ik,R;) | —= exp(—ikeR;) r;
\/]V - p( l ) \/_N J:ZO p( L ]) leJ

The parameter ¢; is now the value of the wave function, in the DVR grid
representation, at the ith grid point that results from acting with the operator
exp(—iT8t/2h) on the wave function \s.

The step that has just been outlined in detail is the most difficult step in the
propagation of the wave function. The action with the operator
exp(—iV(R,1)dt/2Hh) is straightforward as this operator is a local operator in
the grid representation and we just multiply the grid representation of the
wave function at grid point ““i”’ by the value of the operator at the same grid
point.

B. Expansion in a Basis

Perhaps the most straightforward method of solving the time-dependent
Schrodinger equation and of propagating the wave function forward in time is
to expand the wave function in the set of eigenfunctions of the unperturbed
Hamiltonian [41], Hy, which is the Hamiltonian in the absence of the interaction
with the laser field.

Thus the complete Hamiltonian may be written in the form:

H=Hy+ V(e(t) (50)
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If {y"} form the complete set of eigenfunctions of Hy with eigenvalues E?,
that is,

Hol = ) (51)

and if we start off with a wave function Wo(r = 0) = 3, c;}) at = 0. The
solution of the unperturbed time-dependent Schrodinger equation

lh%\llo(l‘) = I:IO\I/()(Z‘) (52)

is Wo(t = 0) = 3, ciexp(—iEd%t /).

One way in which we can solve the problem of propagating the wave function
forward in time in the presence of the laser field is to utilize the above knowledge.
In order to solve the time-dependent Schrodinger equation, we normally divide
the time period into small time intervals. Within each of these intervals we assume
that the electric field and the time-dependent interaction potential is constant. The
matrix elements of the interaction potential in the basis of the zeroth-order
eigenfunctions /'3 V;; = (W|V(e( ))|\|J ) are then evaluated and we can use an
eigenvector routine to compute the eigenvectors, y; = Z b)L,\ll of the full
Hamiltonian, H(e(1)), in the zeroth-order basis.

ZH )ibh. = En(e(0)bj, (53)

where both E; (e(z)) and b}, depend on the instantaneous value of the electric
field €(z).

If the small time interval in question extends from ¢ to ¢ 4 ¢ then the matrix
elements of the propagator for this short time interval may be written as a matrix
in the basis of the zeroth-order eigenfunctions:

U(e, 81); =:<\v?|exp[—41¥<e(r)>8r/h}hv°>
\I/"IZIXy (x| exp[—iH (e(1))t/h] Zm Yo V9

= (Ul oty expl—iEy 8t /] [33) (xa )
Y A

= > (W7l {exp[—iEy St /A]} Gy [V
Y

=" by{exp[—iE,dt/H]}by (54)
Y
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where we have used the fact that within the space of the set of eigenfunctions
{x;} the identity operator can be written in the form I = 3" |x;) (.-

The short time propagator, U (e, 6t)i]. depends on the electric field strength,
€(t). This field strength oscillates very many times during a laser pulse. A
valuable technique that has been proposed to minimize the computational cost
of performing OCT calculations was proposed by Yip et al. [144]. This
technique involves calculating and storing the matrix representation of the
short-time propagator (as discussed above) for a range of field strengths. During
the calculation the same field strength occurs many times. Instead of repeatedly
calculating the propagator at each time step and for each field strength, the
propagator for the closest stored value is selected and used to propagate the
wave function forward in time by the constant time increment d¢. This toolkit
concept has been utilized in optimal control calculations for the vibrational
excitation of H, [41].

VI. ANALYTIC DESIGN OF OPTIMAL LASER PULSES

One of the difficulties with optimal control theory is in identifying the underlying
physical mechanism, or mechanisms, leading to control. Methods [2, 7, 9, 14,
26-29], that utilize a small number of interfering pathways reveal the mechanism
by construction. On the other hand, while there have been many successful
experimental and theoretical demonstrations of control based on OCT, there has
been little analytical work to reveal the mechanism behind the complicated
optimal pulses. In addition to reducing the complexity of the pulses, the many
methods for imposing explicit restrictions on the pulses, see Section II.B, can
also be used to dictate the mechanisms that will be operative. However, in this
section we discuss some of the analytic approaches that have been used to
understand the mechanisms of optimal control or to analytically design optimal
pulses. Note that we will not discuss numerical methods that have been used to
analyze control mechanisms [145-150].

A powerful tool in the analytic design and understanding of optimal pulses is
the well-known pulse area theorem [151]. The pulse area theorem states that,
within the rotating wave approximation (RWA) and for an on-resonance
frequency, the final transition probability from one initial state to a final state in
a two-level model is solely determined by the area of the pulse, A. For a dipole
transition A = fOT neos(t)dt, where p is the transition dipole between the two
states, T is the pulse duration, €y is the field strength, and s(¢) is the pulse
envelope. For a pulse with an area of m (a so-called m-pulse), 100% of the
population will be transferred. It has been demonstrated [152] that within the
RWA, the m-pulse is the globally optimized field for a two-level system. In a
recent paper [153], Cheng and Brown formulated the design of laser pulses
for performing quantum gate operations in terms of the analytic pulse area
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theorem rather than in the context of numerical OCT. In this work, it was shown
that the m-pulse could be used to readily determine the effects of both laser
parameters and molecular properties on the control process. Also, an analytic
result was obtained emphasizing the critical role the penalty parameter B [see
Eq. (2)], plays in determining the final population transfer (quantum gate
fidelity).

The general concept of the m-pulse has recently been exploited in the
analytical control of molecular excitation involving polarization effects [62]. In
this paper, an analytic laser pulse was designed based on an adiabatic two-state
approximation within the Floquet picture [154-156] to control population
transfer between two rovibrational states of H,. In this work, a general n-pulse
involving the polarizability was introduced, (see Eq. (7) of Ref. [62]): Recall
that for the homonuclear diatomic H, there are no dipole transitions. By using
the general m-pulse, the proper time-dependent change in the laser frequency
to account for the dynamic Stark shifts could be determined analytically.
These analytic results were then confirmed via exact numerical simulations.
Floquet theory has been very extensively used as a tool for designing laser
pulses to perform molecular excitations and transformation processes
[152, 157-159].

The m-pulse has proved extremely useful in interpreting population transfer
between two levels. However, the combination of analytic and OCT techniques
has also proven useful in multilevel systems. One of the simplest multilevel
systems is the three-level A or ladder system where an intermediate state is
dipole coupled with both the initial and final states, but there is no direct
coupling between the initial and final states. Stimulated Raman adiabatic
passage (STIRAP) [160] has proven to be a simple and robust method for
transferring population directly from the initial to final state without ever
significantly populating the intermediate state. However, the connection
between OCT and STIRAP was difficult to obtain. The primary difficulty is
that adiabatic passage is an energetically expensive method involving pulse
areas many times m. Therefore, with penalty parameters, such as Eq. (2),
restricting the total energy, the location of STIRAP using OCT is not favored.
However, using a version of “local”” optimization and a specially tailored
objective functional, Tannor and co-workers showed that STIRAP could be
obtained for three-level models [161, 162]. Using OCT, they were also able to
obtain the alternating-STIRAP (A-STIRAP) mechanism [163] for population
transfer in odd number of level systems where all pulses corresponding to even
transitions precede all odd transitions. More interesting, the entirely new
paradigm of straddling-STIRAP (S-STIRAP) for adiabatic population transfer
in both odd and even level systems was identified from the OCT calculations,
and then subsequently verified with an analytic formulation [162]. In
S-STIRAP, there are partially overlapping pulses for the Stokes and pump
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transitions, that is, the transitions between the second to last and final states
and between the initial and second states, respectively, straddled by pulses on-
resonance with all of the intermediate transitions.

From these few examples, it is clear that OCT can be used to guide, or even
identify, new methods for analytic pulse design. Clearly, this is important as one
would like to understand the general mechanisms for control in addition to
simply achieving the control objective. However, analytic pulse design can also
be utilized to provide starting guidelines for OCT determinations of control
fields. These can provide initial guess fields for numerical optimization but
analytic methods could also be used to simplify the numerical effort required in
the optimization.

VII. SUMMARY

This chapter has provided a brief overview of the application of optimal control
theory to the control of molecular processes. It has addressed only the theoretical
aspects and approaches to the topic and has not covered the many successful
experimental applications [33, 37, 164—183], arising especially from the closed-
loop approach of Rabitz [32]. The basic formulae have been presented and
carefully derived in Section I and Appendix A, respectively. The theory required
for application to photodissociation and unimolecular dissociation processes is
also discussed in Section II, while the new equations needed in this connection
are derived in Appendix B. An exciting related area of coherent control which
has not been treated in this review is that of the control of bimolecular chemical
reactions, in which both initial and final states are continuum scattering states
[7, 14, 27-29, 184-188].

Due to their intrinsic nature the OCT equations must be solved iteratively.
Their solution results in a laser pulse, specified by means of a time-dependent
electric field, designed to bring about a particular, desired molecular trans-
formation. The various methods that can be used for solving the OCT
equations and the methods available for imposing physically desirable restric-
tions on the theoretically designed laser pulse are presented in Section III. In
particular, the conjugate gradient method and iterative schemes are discussed
and important details of these methods are presented in Appendixes C-F.
These appendixes include a discussion of the different conjugate gradient
methods available, of the Krotov iterative method and a proof that the
generalized iterative method [see Eq. (21)] is guaranteed to converge
monotonically.

The ENBO method, which is a method for incorporating polarization and
higher order electric field-molecule interaction terms into the theory, is
discussed in Section IV. Nearly all OCT experiments actually use laser pulses
that give rise to strong electric fields that are sufficiently strong to significantly
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distort the molecular electronic structure and often lead to ionization. The
ENBO approximation must be used with care, as it is only valid for sufficiently
low field strengths such that ionization is not significant and for sufficiently
low frequencies such that the electronic wave function can adjust instanta-
neously to the changing electric field. As a rough guide, the region of validity of
the ENBO approximation may be taken to be for frequencies in the infrared
(IR) regions or below and for field strengths up to 2.06 x 10°Vcm™!
(5.6 x 103 W cm™2 or 0.04 a.u.). This chapter does not discuss the very
good theoretical work aimed at understanding and modeling situations where
the laser intensity is greater than these limits and where ionization plays an
important role [106, 114, 189-192]. Some examples of the application of the
ENBO method to the controlled excitation of the molecular motion of H, are
also described in this section.

An essential part of the theoretical solution of the OCT equations is the
solutions of the time-dependent Schrédinger equation. This must be carried out
very many times during the iterative solution of the OCT equations. Methods
available for the solution of these equations are discussed in Section V. The
necessity of solving the time-dependent Schrodinger equation arises in many
areas of chemistry and physics, in most cases, however, the Hamiltonian is
independent of time. This expands the choice of methods available for solving
the problem. Because of the presence of the fast oscillating electric field of the
laser light, the time-steps taken in the solution of the equation must be
sufficiently small to follow the oscillations of the electric field. This section
discusses the split-operator method and a basis set expansion method for solving
the time-dependent Schrédinger equation.

The penultimate section of the chapter, Section VI, briefly describes the
role of analytic solutions to the problem of designing laser pulses to control
molecular processes. The validity of the analytic solutions generally depend
on the applicability of various approximations. These may include, for
example, a two-level approximation in which only two quantum levels are
taken to play a significant role in the process under discussion. While the
underlying approximations of these analytic approaches are rarely totally
valid, the results of the theories hold valuable lessons for the more general
case where brute force OCT methods need to be applied. They can be
invaluable in understanding control mechanisms and in appreciating the role
of different variables, such as laser intensity and pulse duration, on achieving
desired control objectives.

In this chapter, we have presented many of the relevant working equations of
OCT including details of their derivations and methods for their solution. As
such, we hope that this chapter will serve as a guidepost to those interested in
entering this exciting research area and as a useful reference to those already
pursuing work in the field.
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APPENDIX A: VARIATION OF THE OBJECTIVE FUNCTIONAL
AND DERIVATION OF THE OPTIMAL CONTROL EQUATIONS

The objective functional is written as [see Eq. (1)]:

T

T = (T B - BL ar’ - 2v{ |

0

ar ()| 5+ 5 )| 1 |
(A1)

where the meanings of the various quantities have been defined in the main body
of the text below Eq. (1).

Expanding out the first and the third terms in Eq. (A.1) we can rewrite
it as:

T

T = (W(T)| @) (@(T)) — Bj dre(r)?

0

=} e oS + oty

- [ a{aongvor - amaconoy} e

0

Now, consider independently small changes in €(¢), s and y. These variations
are now allowed to be independent because of the use of the Lagrange
multiplier, % (¢) to impose the constraint equation.

First, consider a small change in \y. We get

oJ
WSW) = (SY(T)[@)(@W(T)) + (W(T)|@){(P|oY(T))
- L dt {<x(t) % d\(r)) + % <x(z)|H(e(t))|6¢(t))}
0

SHO) = §OIEE)H0) | (33)

ot

- j ar{ uto

Note that

0

)5

() = g OV — (Su0800) (A
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By using Eq. (A-4) in Eq. (A-3) we obtain

W&l’( ) = @U(T)|@)(@[(T)) + (U(T)|®){@[3Y(T))

- dr{ (I3 + 2 b <r>|6w<r>>*}

- I8V )+ (r(o) A te(e)) w (o)
0 h
- {< L)) —1 GolAe()low() |
ST B)@ID) + D)@
~ LT)BY(T) = (LOVBYO) + (eT)BUTY’ = (O30
[ { = (SO0 ) + 5 Ol oY) |

[ ar{-(Exomno)) - oaeoisioyh @

We set 0y(0) = 0 as Y(r = 0) = ¢,, this being the initial boundary condition
of the problem, so no variation is allowed for \(¢) at t = 0.

oJ

W&l’m = (WD) 2N @(T)) + (W(T)|2)([8W(T))

T)I )> ((T)[3W(T))"}

Ol5w(0) )~ ()00 |

X ()] > (A <r>|6\v<r>>*}

T)|<I> N! T)) + (W(T)|2){(2[5W(T))
{x(T)I (7)) + V(D) [x(T))}
- dt{ < —I—%He(t }x(t)|8\l/(t)>}
- dt{ < +%H e(1) }X(t)|6\|1(t)>*}
(0]
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Therefore we conclude that the variation of J with respect to an arbitrary change
in \ is zero if:

{5+ e o =0 (A7)
that is, y(¢) obeys the time-dependent Schrédinger equation. And if
{10)(@N(T)) — [(T))} =0 (A8)
Or
w(T) = @ (Y(T)) (A.9)

We can now undertake the simpler task of varying the other variables, y(¢) and €.
Variation of x(r) gives

o/ ! o .
wax(r) = — JO dt <6X(r)|{§ + zH(e(t))}N;(t»

R e T T A
=0

The variation of the variable () therefore gives, as expected, the condition
that \/(7) must obey the time-dependent Schrédinger equation with the boundary
condition (r = 0) = ¢, that is:

{5+ Ao oo =0 (A1)
with V(1 = 0) = &,.

Variation of € yields

aS(Jt)S () = ‘4BJ dre(t)*5e (1)

_fd;{'umaaj’ ()}
#[) Lol Sseionor

= [ ar{—aper £ uor 2w b+ {on 2o ot
0H

i
= [ {-apet 2 mf cton 2wy e
o (A.12)
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The variation of €(¢) therefore leads to the condition:

ape(t’ = +2 1 (00 -y ) (A13)

- h X Oe(t) ’

Equations (A.7), (A.11), and (A.13), together with boundary conditions for
the first two of these equations, form the basic equations that must be satisfied in
order for the objective functional J to be a maximum.

Let us now examine what happens when we assume that the Hamiltonian for
the interaction of the system with the electric field of the laser takes on different
forms. The most common analytic form for the Hamiltonian is

H = Hy — pe(r) (A.14)
in this case;
0H
—— A.15
e~ M (A.15)

Substituting this into Eq. (A.13) we obtain

e = - Iy} (A16)

If we had used the penalty term —f3 fOT dt(—:(t)2 we would have obtained a similar
equation to Eq. (A.16), but without the factor of 2 in the denominator.

Let us suppose that the system of interest does not possess a dipole moment;
as in the case of a homonuclear diatomic molecule. In this case, the leading term
in the electric field-molecule interaction involves the polarizability, o, and the
Hamiltonian is of the form:

H=H, - %e(t)z (A.17)

with a Hamiltonian of this form, the derivative of the Hamiltonian becomes:

6?;1(_5) = —oe(t) (A.18)
and Eq. (A-13) becomes:
e(t)? = ~ Im{{x (1) W (1)) } (A19)

2hB
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Use of the normal penalty term for the laser fluence in Eq. (A.l) [i.e.,
—B fOT dre(1)*] would lead to the equation:

I {Gu)l (o)}
Bh

The parameter €(¢) has now canceled out on the two sides of Eq. (A.13) and the
equation is no longer an equation for €(z). Our conclusion is that it is not
appropriate to use the standard form for the fluence penalty term if the laser
molecule interaction contains a significant contribution from the molecular
polarizabilty.

1= (A.20)

APPENDIX B: OPTIMAL CONTROL EQUATIONS
FOR PHOTODISSOCIATION

The objective functional for the optimal control of photodissociation may be
defined as:

7= | artewinEuo) - [ aneor
0 0

T i
—ow{ [ a0l 5+ v | (B.1)

0

where H is the total Hamiltonian of the molecule in the presence of external
control field €(¢); () is an undetermined Lagrange multiplier, ensuring that ()
obeys the time-dependent Schrédinger equation; f is the penalty associated with
the pulse fluence; and A is a diagonal matrix whose elements A, specify the
weights of product channels |n) in the optimization calculation. The flux, or
current density operator, F is defined as [193].

F = (A, Th(R)))

:%{%6@—&1) +6(R—Rd)%} (B.2)

where F, H, and [ are all matrices each of whose rows and columns are

associated with a particular product channel |n). & is the Heaviside function

e ={o 220 ®3)
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and R, is the value of the scattering coordinate on the dividing surface that
separates the products from reactants.

As before, we now consider the variation of J with the small independent
changes in Vs, i, and €. These variations are allowed to be independent because
of the use of the undetermined Lagrange multiplier. Starting with the variation

in (), we have

w&"

[ atiounFw@) + IAF0)

_ LT dt{ ()] &+ LS + c.c.}

where c.c. indicates the complex conjugate. Noting that

(0| 390} = & CeOIBU(e) — (o x(0Iow(0)
we have
& u = [ aGUONFN) + WONFBN))
— ()BT + ((0) |6¢< )
+ [ (G nomu > (01 Hov (o)
BT + (100 |6¢
ARCERT > 01 Hov (o)’
— ( WD) — ()BT
< dt{<6¢<r>|Aﬁ|¢<r>> " <¢<r>\Aﬁ|6¢<t>>}
T T i
[ a(Gntoov) - [ auol fovio)
+ [ a(Grorv) [ aetol Asvioy

(B.6)

In Eq. (B.6), we have set that y/(0) = 0 and dropped the terms (y(0)|3y(0))

and (3(0)|8y(0))". This is because y(0) =

¢; being the initial condition of the

problem and no variation is allowed at t = 0 in . If the Hamiltonian H is a
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hermitian operator, the flux operator F will also be hermitian. The above
equation can then be rewritten as

%5‘# = —((D)ISW(T)) — ((T)ISW(T))"

], dr{ (W ()| AP (1)) + (AR (1) |33 (1)) }

4 sz< {% + %H} x(r)|5\|/(z)>

0

- Tdt< [aat+;lzl}x(t)|5\|l(t)>* (B.7)

0

The maximal condition for J requires that 8J = 0 for an arbitrary &\. This in
turn requires that the following equations be obeyed

ih%x(t) = Hy/(t) — ihAF (1) (B.8)
with the boundary condition
x(t=T)=0. (B.9)
Variation of y yields
oJ r o i,
— oy =-2 —+-H
5 o= -2r{ | aron(o] 5+ v |

=0 (B.10)

Therefore the variation gives, as expected, the condition that \s(¢) must obey the
time-dependent Schrodinger equation

ih%\l/(t) = H\(1) (B.11)
with the boundary condition
V(r=0) = ¢;. (B.12)

The variation of €(t) gives

e 2BJ: dre(r) - Be (1)
on{[ a2 seonve )

=0 (B.13)
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Then the optimal field €(7) is written as

€(1) = 510 5 ) (B.14)

and the gradient of J with respect to € becomes:

oJ 2 OH
] -1 — . B.15
e = ~2Pe(0) + Lm0 5 o5 o) (B.15)
We may express the total Hamiltonian H as
H=Hy—p-€r) (B.16)

where Hy is the field-free Hamiltonian of molecule, p is the dipole moment
function that includes both the permanent and transition dipole moments. The
optimal field may be rewritten as

e() = *%IHK 2(0) [y (1)) (B.17)

The new pulse design equations for the optimal control of photodissociation
may be summarized as

a0 = (), 9(0) = &, (B.18a)
ih%x(t) = Hy(t) — ihAF (1), 3(T)=0 (B.18b)
(1) = fh—lﬁlmu(r)\uw(r» (B.18¢)

APPENDIX C: DERIVATIVE OF THE OBJECTIVE FUNCTIONAL

To carry out the optimization of the objective functional, J, we need to
calculate the derivative of the functional with respect to the field at a specified

time. From Eq. (A.12), this is clearly given by
wnth e

o/ T 2 0H
5~ L dt {—4 Be(r)’ + 5 Im{(x(f)

0e(?)




OPTIMAL CONTROL THEORY 83

If the time is divided into small finite increments of oz, and the field is
considered to possess a fixed value during each of these finite increments of
time, then we can vary the field strength during each of these increments
separately and obtain the equation:

= - {—4 Bet)’ + Im{<x<z,->| o t_,f"“(”')>}}6’ (c2)

APPENDIX D: VARIOUS CONJUGATE GRADIENT METHODS

Conjugate gradient (CG) methods comprise a class of unconstrained optimiza-
tion algorithms that are characterized by low memory requirements and strong
local and global convergence properties. A nonlinear conjugate gradient method
generates a sequence of fields €, k > 1, starting from an initial guess €y, using
the formula

€1 = € + Mdy (D.l)

where the positive step size A, is obtained by a line search, and the directions dy
are generated by the rule

div1 = g1 + G, dy =gy (D.2)

Here  is the CG update parameter. In the above equations, €, = {e* () }o<jen 18
the vector notation for the discretized electric field strength, g, = { gk(tj)}o_gg N
for the gradient of objective functional J with respect to the field strength
(evaluated at a field strength of €;) and d; = {dk(tj)}ogq\, for the search
direction at the kth iteration. The time has been discretized into N time steps,
such as that # =j x df, where j=0,1,2,---,N. Different CG methods
correspond to different choices for the scalar (.

Let || - || denote the Euclidean norm and define y, = g;.; — g;. Table I
provides a chronological list of some choices for the CG update parameter. If
the objective function is a strongly convex quadratic, then in theory, with an
exact line search, all seven choices for the update parameter in Table I are
equivalent. For a nonquadratic objective functional J (the ordinary situation in
optimal control calculations), each choice for the update parameter leads to a
different performance. A detailed discussion of the various CG methods is
beyond the scope of this chapter. The reader is referred to Ref. [194] for a
survey of CG methods. Here we only mention briefly that despite the strong
convergence theory that has been developed for the Fletcher—Reeves, [195],
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TABLE 1
Various Choices for the CG Update Parameter
Update Parameter Year Origin
T
1S — M 1952 From the original (linear) CG paper of Hestenes
4y i and Stiefel (Ref. [198])
(fR = M 1964 First nonlinear CG method, proposed by
el Fletcher and Reeves (Ref. [195])
T
PRP — ﬁ';% 1969 Proposed by Polak and Ribiére and by Polak
k (Ref. [100])
2
gkCD = Hf"‘%” 1987 Proposed by Fletcher (Ref. [196]), CD stands
K8k for “Conjugate Descent”
T
LS _ % 1991 Proposed by Liu and Storey (Ref. [199])
—G 8k
2
CPY = % 1999 Proposed by Dai and Yuan (Ref. [197])
Yk
HZ _ —2d Il yx HZ 8k+1 2005 P
e 7 e roposed by Hager and Zhang (Ref. [194])
4y ) diyi

(FR) Conjugate Descent [196] (CD) and Dai—Yuan [197] (DY) methods, these
methods are all susceptible to jamming (i.e., they begin to take small steps
without making significant progress to the maximum). The Polak—Ribiere—
Polyak [100] (PRP), Hestenes—Stiefel [198] (HS), and Liu-Storey [199] (LS)
methods possess a built-in restart feature that addresses the jamming problem:
When the factor y, = (g;,; — gx) in the numerator of ¢* [see Eq. (12)] is small
and ¢* consequently is also small; the new search direction d;,; becomes
essentially the gradient direction g, . In general, the performance of these
methods are better than that of the FR, CD, and DY methods. On the other hand,
Powell [200] showed, using a three-dimensional example, that with an exact
line search, the PRP method could sometimes get into an infinite cycle without
converging to a stationary point. He suggested that the following modification
be made to the update parameter for the PRP method:

R = max (R, 0) (D.3)

ensuring a positive value for the parameter.

Note that with an exact line search, C,EIS = C,I;S = C}:RP. Hence, the
convergence properties of the HS and LS methods should be similar with the
PRP method.
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APPENDIX E: DETAILED DESCRIPTION
OF KROTOV ITERATIVE METHOD FOR SOLVING
THE OPTIMAL CONTROL EQUATIONS

Adopting the time discretization described in Section IILA (i.e., tj = x t,
where j =0,1,2,...,N and No¢ = T) and the first-order split-operator method
for the wavepacket propagation, the algorithm for the Krotov iteration method
[81,93] may be written as:

Step 1: Guess an initial electric field €(7).

Step 2: Set k = 0, € = €(r) and " (1) = ;.

Step 3: Propagate \|/k(t) forward in time up to T according Eq. (18.a) with
the field €(¢) to obtain y*(zy).

Step 4: Evaluate the objective functional J* according to Eq. (1). Note that
the last term in the equation is zero, as \|Jk(t) is a solution of the time-
dependent Schrodinger equation.

Step 5: If k> 1, compute 8J% =J% —J¥~! and compare 8J° with the
convergence threshold, €. If B(Jk) < g, then stop the iteration and declare
that the optimal pulse has been obtained.

Step 6: Set x*(ty) = (®[*(ty)) .

Step 7: Propagate x*(¢) backward in time according to Eq. (18.c) with the
field €* () to obtain ¥*(to).

Step 8.1: Set j = 0 and *"' (1)) = ;.

Step 8.2: Compute the “new” electric field €¥*!(;) from y*(z;) and V"™ (1))
according to Eq. (18.b)

1(5) = — g ImG (I () (E1)

Step 8.3: Calculate "' (1) with the “new” field €+ (1;) as

\|/k+l (tis1) = e—ngBt/he+i[p€k+l (r,)]&/h\l,kﬂ (). (E.2)

Step 8.4: To avoid prohibitively large use of computer memory in storing
1k (tj)0§j<N at every time step during the backward propagation in step 7,
¥*(t) is propagated simultaneously as well with the ““old” electric field
€k (1). x*(#+1) is calculated as

Xk(tj+1) _ efilzlgﬁt/heJri[pek(tj)]Bt/hxk(tj)‘ (E3)

Step 8.5: If j > N, set k = k+ 1 and go back to Step 4; else, set j =j+ 1
and go back to Step 8.2.
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It can be seen from the algorithm model stated above that in the Krotov
method the electric field obtained in the kth iteration is used immediately to
propagate (), which has a direct contribution to the new electric field in the
next time step. In one iteration, the Krotov method involves three wave packet
propagations, that is, the forward propagations of /! (r) and x*(¢) in Steps 8.3
and 8.4 and the backward propagation of y*(¢) in Step 7. If the second-order
split-operator method is employed for the wave packet propagation, a more
efficient discrete implementation of the Krotov method may be generated. The
second-order scheme for the Krotov method coincides with the first-order
scheme described above except for Egs. (E.1-E.3) in Steps 8.2, 8.3, and 8.4.
The new equations for these steps now become:

Step 8.2: Calculate the “new” electric field e“*!( + 8¢/2)

ey +8/2) = g Imr @l o+ o Hod W 0) (B4)

Step 8.3: Propagate \|Jk+1(tj) forward one step in time with the “‘new” field
el (1 4 81/2),

\|/k+l(tj+l) _ e—iHOBt/Zh o ilnes ! (5+81/2)181/h efiHOBr/Zh\I]kJrl(tj) (E.5)
Step 8.4: (1) is calculated as
A (t7:1) = €031/ 20 golne 400 20100/ = iFld 2 1. (E.6)

Equation (E.4) may be obtained by considering the Taylor expansion of the laser
field up to first order

ae—(tt) ot (E.7)

€(t+0t) =€(r) +
and evaluating the time derivative 0e(¢)/0t according to Eq. (18.b).

Roughly, in order to reach the same accuracy, a time step in the second-order
scheme can be 10 times larger than that in the first-order scheme, while each
iteration step in the second-order scheme will cost about three times as much as
that in the first-order scheme [i.e., the cost of second-order propagator is about
twice as much as that of first-order propagator and the cost for computing the
“new” field according to Eq. (E.4) is about the same as that of a single
propagation with the first-order propagator]. Thus we anticipate that the
efficiency of the second-order scheme will about three times higher than that of
the first-order scheme. Similarly, discrete iteration schemes may be established
for the methods suggested by Rabitz et al. [44, 92] and Maday and Turinici [94].
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APPENDIX F: CONVERGENCE OF THE ITERATIVE SOLUTION
OF THE OPTIMAL CONTROL THEORY EQUATIONS

In this appendix we follow the treatment of Maday and Turinici [94], and show
that the iterative scheme laid out in Egs. (21.a—d) is guaranteed to converge. The
convergence of the algorithm can be proved by evaluating the difference between
the values of the objective functional between two successive iterations. Suppose
that 6 # 0 and n # 0, then,

T T
J(€k+1) 7J(€k) _ |< k+1( )|q)>| .[0 €k+1(l)2dt . |<\jjk(T)‘(I)>‘2 + BJO ek(t)zdl

= [((W1(T) = VA (T)|@) [+ 2Re{ (W (T) — VA (1)) @) (@ (T

[ etorp| e (1)

By using Eqs. (21.a—d) we can show that the second term in Eq. (F.1) above can
be rewritten in the form:

2Re{ (W (T) — YA(T >>|¢>><¢>|¢k< T))} = 2Re{{(¥*(T) — WA (D) (7))}
_ o k kLo ik
ZRe{ O K <r>>+<<\|f (1) — V(1))
e HO_H€+ s 71210_“‘5]{(1) k
— 2R { [<< () - T, (r))

ih
+<<\|f"+‘<r> ~ V) H_iﬁ-f”" M‘”}

- 2Re{LT [e"“ (1) <7—h” V() ‘Xk(t)>—€k(t)<;—hu V(1) ’x"(t)>

O 0 = V) [ )] e}

- %J [ OIm{ (W ()l (1) — (O Im{ (W (1)l (1))}

— S OTm{ (U (1) Il ()} + (I { (W (1) Il (1)) Y

- ij (= OIm{ O OV (1)} + € OIm{ (" ()W ()}
+ (O {H(O)NE (0))} — E(OIm{ (o (1) [V (1)) }] de

- ZB{JT B0 (098 @ Cone)

oy (€T = (1=8)&) (€ = (1 —m)eb)
—&%(r) 5 +€4(r) f} dz} (F.2)

x (1)

N}
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By substituting this back into Eq. (F.1) we obtain

T — J(€") =| (W 1(T) — WH(T) @) + BL dt (% - 1) (! —&)?
+ (i _ 1) (@ — )2 (F.3)

which is positive for any 1,8 € [0,2]. Note that the case 8 = 0 yields e“*! = &

and n = 0 yields € = €. In both these cases, the conclusion that the right-hand
side of Eq. (F.3) is positive remains valid. Each step of this algorithm will
therefore result in an increase of the value of the objective functional for any
M, 9 € [0,2]. Then we have that for any 1, € [0, 2] the algorithm given in Egs.
(21.a—d) converges monotonically in the sense that J(e**!) > J(ek).
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I. INTRODUCTION

“Nonadiabatic transition” presents a vey general concept of state and phase
changes in nature as well as in society, being an origin of mutability of this world
[1]. Without exception nonadiabatic dynamics play crucial roles in physics,
chemistry and biology, even if this fact may not be explicitly well recognized in
some occasions [1-13]. A nonadiabatic transition makes a very basic mechanism
not only to comprehend various chemical dynamic processes occurring in
Nature, but also to manifest new molecular functions in nanospace and to control
dynamic processes by applying an external field. Theory of nonadiabatic
transition can play important roles to accomplish these purposes. A complete set
of analytical formulas for the curve crossing problem derived by Zhu and
Nakamura [Zhu—Nakamura (ZN) theory] [1, 2, 9, 10-14] is actually useful for
these studies.

For example, the ZN theory, which overcomes all the defects of the Landau—
Zener—Stueckelberg theory, can be incorporated into various simulation
methods in order to clarify 